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SUMMARY 
The  coordinate  transformation  procedure  and  solution  technique  described 
herein  have  been  shown  to  be  well  suited  for  the  calculation  of  the  complete 
flow  field  surrounding  various  two-dimensional  and  axisymmetric  bodies.  This 
conclusion  is  supported  by  the  good  comparisons  obtained  between  predicted 
values  and  experimental  data  for  pressure  coefficient  distribution  and  heat- 
transfer  distribution  on  a  cylinder  and  for  density  distributions  and  shock 
standoff  distance  on  spheres.  The  solutions  for  the  flow  over  the  Viking  aero- 
shell  and  a  Jupiter  probe  were  obtained  by  simply  adjusting  five  transformation 
constants  without  having  to  perform  any  adjustment on boundary  conditions.  The 
versatility  of  the  technique  in  being  able  to  model  many  different  axisymmetric 
blunt  body  shapes  and  its  ability  to  calculate  both  the  forebody  and  wake  flow 
over  these  shapes  represent  a  significant  advance  in  aerothermodynamic 
technology. 
An  upper  limit  on  Reynolds  number  on  the  order  of 1000 is  imposed  because 
of  an  inability  to  resolve  a  thin  boundary  layer  with  a  reasonable  number  of 
computational  mesh  points. A lower  limit  on  Reynolds  number  on  the  order  of 
100 is  imposed so that  continuum  theory  is  applicable.  An  upper  limit  on  Mach 
number  approximately  equal  to 4.0 is  imposed  because  of  a  tendency  to  calculate 
negative  static  enthalpies  in  the  process  of  capturing  the  bow  shock  for  large 
Mach  numbers.  These  limitations  are  a  consequence  of  the  numerical  method  used 
and  not  of  the  coordinate  system  itself. A more  refined  numerical  method  could 
ease  some  of  these  restrictions. 
INTRODUCTION 
The  calculation of the  complete  flow  field  surrounding  axisymmetric or 
two-dimensional  blunt  bodies  in  a  supersonic  stream  has  been  a  goal  of  fluid 
dynamicists  which  has  only  recently  been  made  practically  attainable  through 
advances  in  high-speed  computers.  Inviscid  shock-layer  solutions  (refs. 1
to 41, viscous  shock-layer  solutions  (ref. 51, and  solutions  of  the  full 
Navier-Stokes  equations  (ref. 6) have  been  obtained  for  the  shock  layer  ahead 
of  various  blunt  configurations.  Many  of  those  solutions  have  been  specialized 
for  various  flow  regimes  which  range  from  high  Reynolds  number  flow  (ref. 7) to 
low  Reynolds  number  flow  of  a  viscous  rarefied  gas  (ref. 8). 
Mathematical  descriptions  of  the  flow  in  the  wake  of  a  blunt  body  are  more 
difficult  to  obtain.  Boundary-layer  approximations  which  are  successfully  used 
in  the  shock  layer  are  not  applicable  to  a  large  portion  of  the  wake  where  vis- 
cous  forces  are  dominant  (ref. 9); however,  early  predictions of the  wake  flow 
used  these  approximations  (refs. 10 to 13). Weiss  (ref. 14) improved  on  this 
approximation  and  reported  temperature  field  calculations  which  compared  more 
closely  with  experimental  data  than  previous  work.  Allen  (ref. 15) solved  the 
full  Navier-Stokes  equations  in  the  steady  state  for  the  laminar  wake  behind  a 
two-dimensional   rectangular   block.  That s o l u t i o n  s p e c i f i e d  a boundary-layer 
p r o f i l e  u n d e r  a uniform stream as an  inf low condi t ion .  
This  'IpatchworkI' app roach  o f  so lv ing  the  comple t e  f low f i e ld ,  t ha t  is, the  
m a t c h i n g  o f  s e p a r a t e ,  s p e c i a l i z e d  s o l u t i o n s  f o r  t h e  d i f f e r e n t  areas o f  t h e  f l o w  
f i e l d ,  was noted by Sca la  and  Gordon (ref.  16). As a n  a l t e r n a t i v e  a p p r o a c h ,  
they  presented  a solution to the complete t ime-dependent Navier-Stokes equa- 
t i o n s  f o r  the t rans ien t  supersonic  f low around a r i g h t  c i r c u l a r  c y l i n d e r .  
Ki tchens  ex tended  tha t  approach  to  obta in  the  s teady-s ta te  so lu t ion  to  t he  same 
problem ( re f .  17). 
It should be noted here tha t  a pa tchwork  approach  for  ob ta in ing  the  com- 
p l e t e  f l o w  f i e ld  is a use fu l   t echn ique .   In  fact ,  t hese   spec ia l i zed   t echn iques  
almost always lead t o  a more e f f i c i e n t ,  faster running  numer ica l  so lu t ion  
because fewer computa t iona l  po in ts  are needed t o  d e f i n e  t h e  .flow f i e l d  and many 
terms can be omitted from the  Navier-Stokes equations by us ing  an  order  of  mag- 
ni tude type approach (as is done i n  d e r i v i n g  t h e  boundary- layer  equat ions)  in  
c e r t a i n  areas o f  t h e  flow field.  However, t h e  major  disadvantage  of t he  patch- 
work approach is t h a t  it is o f t e n  d i f f i c u l t  t o  d e t e r m i n e  where and how t h e  var- 
i o u s  s p e c i a l i z e d  s o l u t i o n s  are t o  be matched. 
E x i s t i n g  s o l u t i o n s  t o  t h e  Navier-Stokes equat ions for  the e n t i r e  f l o w  
f ie ld  have  been  obtained  for  simple body shapes.   (See r e f .  18.) An accura t e  
d e s c r i p t i o n  o f  the flow f i e ld  over complex body shapes is fac i l i t a ted  by t h e  
choice  of   an  appropriate   coordinate   system.  Gnoffo (ref.  19 )   ou t l i ned  many of  
the advantages and disadvantages t h a t  are a s s o c i a t e d  w i t h  t h e  use  of  var ious  
coordinate systems which can be used as the basis f o r  t h e  numer ica l  d i f fe renc-  
i ng  o f  the Navier-Stokes equations over complex axisymmetric or two-dimensional 
body shapes.  Some impor tan t  cons idera t ions  are the  a b i l i t y  o f  t h e  coord ina te  
sys t em to  concen t r a t e  mesh po in t s  nea r  t h e  body fo r  r e so lv ing  the  boundary  
l a y e r  and  near  reg ions  of  sharp  curva ture  to  treat  rapid  expansions.   Orthogo- 
n a l i t y  o f  c o o r d i n a t e  l i n e s  t o  t h e  body s impl i f ies  the  boundary-condi t ion  
s p e c i f i c a t i o n .  
A genera l ized  or thogonal  na tura l  coord ina te  sys tem was p r e s e n t e d  i n  ref- 
erence 19 which g i v e s  c l o s e  a n a l y t i c  a p p r o x i m a t i o n s  t o  v a r i o u s  complex  body 
shapes. The body shape  approximations  avoid t h e  problems  of   discont inuous 
s lope  or curva ture  which o c c u r  i n  many aerodynamic configurat ions and yet  are 
able to  c lose ly  approximate  these shapes.  The purpose  of t h i s  s tudy  i s  t o  show 
t h a t  t h i s  coordinate  system can in  fac t  be used t o  o b t a i n  the complete flow 
f i e l d  o v e r  complex body shapes.  
A computational technique has been developed which uses t h i s  coord ina te  
sys t em fo r  ob ta in ing  t h e  so lu t ion  o f  t h e  Navier-Stokes equat ions for  t h e  e n t i r e  
f low f i e l d .  A computer  program has been w r i t t e n  t o  d e s c r i b e  f l o w  o v e r  two- 
dimensional body shapes o r  axisymmetric body shapes.  Comparisons w i t h  exper i -  
mental data have been made t o  v e r i f y  the t e c h n i q u e  a n d  t o  a s c e r t a i n  where prob- 
lems due t o  the  na tu re  o f  t he  flow or due t o  n u m e r i c a l  i n s t a b i l i t i e s  c a n  o c c u r .  
Flow f ie lds  around the Viking aeroshel l  and a c a n d i d a t e  c o n f i g u r a t i o n  f o r  a 
Jupi te r   p robe  are c a l c u l a t e d  and  presented. The a n a l y s i s  has been r e s t r i c t e d  
to  supe r son ic  f low o f  a p e r f e c t  gas w i t h  free-stream Mach number less than 4 .2  
and  Reynolds  numbers o f  the o rde r  o f  100 t o  1000, f o r  r e a s o n s  tha t  w i l l  be d i s -  
cussed subsequent ly .  
SYMBOLS 
cP 
cP* 
e 
h 
hC * 
I 
i 
k* 
L 
L1 
MW 
N 
N K n  
NP, 
NRe 
NI 
NJ 
n 
t ransformation  constants ,   nondimensional ized by RN* 
speed  of  sound,  nondimensionalized by Vw* 
drag c o e f f i c i e n t  d e f i n e d  i n  a p p e n d i x  F 
Pb* - Pw* 
p r e s s u r e   c o e f f i c i e n t ,  E 
s p e c i f i c  heat a t  c o n s t a n t  p r e s s u r e ,  J/kg-K 
e r r o r  term de f ined  in  equa t ion  (22 ) ;  a l so  exponen t i a l  
metric coe f f i c i en t ,   nond imens iona l i zed  by RN* 
h e a t - t r a n s f e r  c o e f f i c i e n t ,  W/m2-K 
to ta l   en tha lpy ,   nondimens iona l ized  by Vw*2 
s t a t i c   en tha lpy ,   nond imens iona l i zed  by VW** 
thermal   conduct iv i ty ,  W/m-K 
body length,   nondimensional ized by RN* 
i n t e rmed ia t e  body length,   nondimensionalized by RN* 
free-stream Mach number, 3 Vw*/a* 
i n t e g e r  i n  t r a n s f o r m a t i o n  e q u a t i o n  
Knudsen  umber, E X w * / R ~ *  
P rand t l  number, E p*cp*/k* 
Reynolds number based on nose   rad ius   o f   curva ture ,  E p,*Vw*R~*/p* 
t o t a l  number o f  mesh p o i n t s  i n  8 - d i r e c t i o n  
t o t a l  number o f  mesh p o i n t s  i n  q - d i r e c t i o n  
i n t e g e r  i n  t r a n s f o r m a t i o n  e q u a t i o n  
3 
n* 
P 
qC * 
R 
R* 
S 
T 
Tm* 
t 
U 
U 
V 
vco* 
V 
Y 
As * 
E 
rl 
4 
distance  normal  to  body,  m 
pressure,  nondimensionalized  by  Pa*Vm** 
convective  heat  transfer,  W/m2 
radius  of  curvature,  nondimensionalized  by RN* 
gas  constant,  J/kg-K 
coordinates  in  transformed  space 
maximum  cross-sectional  area,  m2 
arc  length,  nondimensionalized  by RN* 
temperature,  nondimensionalized  by Tm* 
free-stream  temperature, K 
time,  nondimensionalized by RN*/V~* 
component  of  velocity  in  x-direction,  nondimensionalized  by Vm* 
component of velocity  in  8-direction,  nondimensionalized  by Vm* 
component  of  velocity  in  y-direction,  nondimensionalized  by Vm* 
free-stream  velocity, m/s 
component of velocity  in  r-direction,  nondimensionalized  by Vm* 
Cartesian  coordinates,  nondimensionalized  by RN* 
metric  coefficient,  nondimensionalized  by RN* 
maximum  body radius, nondimensionalized  by RN* 
thermal  accommodation  coefficient 
coordinate  stretching  parameter  in  equation (17)  
ratio  of  specific  heats 
shock-layer  thickness,  m 
smoothing  parameter  in  equations (23) 
stretched  coordinate  in  computational  plane  defined  in  equation (17) 
I 
A *  mean free pa th ,  m 
1.I viscos i ty ,   nondimens iona l ized  by pm* 
1-ICo" free-stream v i s c o s i t y  
P densi ty ,   nondimensional ized by Pa* 
Pm* free-stream d e n s i t y ,  kg/m3 
T shea r  stress 
9 a n g l e   d e f i n i n g   v e l o c i t y   v e c t o r s  
S u p e r s c r i p t s :  
n time s t e p   i n d x
* s i g n i f i e s   d i m e n s i o n a l   q u a n t i t y  ( M K S  system) 
Subsc r ip t s :  
aw 
B 
b 
calc 
exP 
i 
j 
N 
n 
0 
r 
S 
s t a g  
0 
adiabatic wall 
base 
body 
c a l c u l a t e d  
experimental  
index on mesh p o i n t  i n  8 - d i r e c t i o n  
index on mesh poin t  in  Tl -d i rec t ion  
nose 
index on t r ans fo rma t ion  cons t an t s  
refers t o  s l i p  boundary condi t ion 
refers to   cond i t ions   a long   cons t an t  8 and ($ 
shock 
s t a g n a t i o n  
refers to   cond i t ions   a long   cons t an t  r and ($I 
5 
I 
+ refers  to  conditions  along  constant r and 8 
00 free  stream
Bars  over  symbols  generally  denote  average  values;  however,  in  appendix B 
the  bars  denote  variables  at  a  predicted  time  step.  (See  step 1 of appendix B.) 
Arrows  over  a  symbol  denote  vectors. 
COORDINATE  SYSTEM 
Coordinate  Transformation 
A generalized  curvilinear  orthogonal  coordinate  system  which  can  be  used 
for  approximating  various  axisymmetric  and  two-dimensional  body  shapes is re- 
sented  in  reference 19. The  body  shapes  include  spheres,  ellipses,  spherically 
capped  cones,  flat-faced  cylinders  with  rounded  corners,  circular  disks,  and 
planetary  probe  vehicles.  The  transformation  from  the ( e , r , $ )  domain  to  the 
(x,y,z)  domain  for  an  axisymmetric  coordinate  system is written as 
N 
n=2 
x(8,r,$) = (-B sinh r + C  cosh r)  cos 8 - x Anen' cos  ne 
where N is  a  positive  integer  greater  than  two  and An, B, and  C  are  arbi- 
trary  constants. A two-dimensional  transformation  to  the  x,y  plane is obtained 
by setting $ = 0. 
Lines  of  constant r are  transformed  to  circles  in  the  x,y  plane as r 
increases  without  limit  in  the  negative  direction.  Because  terms  involving 
enr vanish and -sinh r approaches cosh r as r increases  without  limit 
in  the  negative  direction,  equations ( 1 )  can be written  approximately  as 
6 
Two  dimensions, 0 6 8 6 2~ 
The  lines 8 = 0 and 8 = 2IT will  therefore  form  two  boundaries  of  the 
computational  space  for  two-dimensional  problems.  The 8 = 0 plane, 8 = IT 
plane, @ 0 plane,  and 0) = 21T plane  are  the  boundaries  in  computational 
space  for  axisymmetric  bodies. 
The  final  boundary  of  the  computational  space is chosen as r = rm. It 
will  be  shown  in a later  section  that rm can  be  mapped  to  negative  infinity 
with  one  additional  transformation.  Such a  transformation  will  cause  the 
inflow-outflow  boundary  to  be  mapped  to a  circle  of  infinite  radius as seen 
from  equations (2). This  transformation  will  simplify  the  problem  of  specifying 
inflow  and  outflow  boundary  conditions.  An  example of  a typical  transformed 
body  shape  is  shown  in  figure 1 with  the  associated  coordinate  system. 
It should  also  be  noted  that  the  transformation  can  be  written as a  con- 
formal  mapping  for  two  dimensions.  By  setting 
w x ( 8 , d  + iy(@,r) 
D = (B + C)/2 
7 
and  simplifying,  the  following  equation is obtained: 
N 
n= 1 
where z = 8 + ir and i fl 
The  definition  and  orientation  of  the  velocity  components  are  determined 
by  the  coordinate  system.  The  u  component of velocity  is  directed  along  a 
line  of  constant r in  the  direction  of  increasing 8. The v component  of 
velocity  is  directed  along  a  line  of  constant 8 in  the  direction  of  increas- 
ing r. Thus,  from  figure 1, it  can  be  seen  that  the  direction  of  positive  u 
is  counterclockwise  around  the  body  and  the  direction of positive v is  toward 
the  body. 
The  detailed  derivation  of  the  metric  coefficients  for  this  coordinate 
system  appears  in  appendix A. It is  important  to  note  that  the  metric  coeffi- 
cient is equal to the metric coefficient h,. This equality greatly 
reduces  the  number of  calculations  that  will  have  to  be  made  when  solving  the 
governing  flow  equations. 
Determination  of  Body  Shape 
Methods for determining  a  large  variety  of  body  shapes  are  discussed  in 
detail  in  reference 19. For  the  sake  of  completeness,  the  methods for deter- 
mining  the  body  shapes  used  herein  are  presented. 
For all An = 0, the  transformation  from  the 8,r  plane  to  the  x,y  plane 
results  in  families of ellipses.  For  B = C, the  transformation  produces  a 
circle  of  radius B. For  B # C, the  transformation  results  in  an  ellipse  of 
eccentricity ec where 
Calculations  have  been  made  for  configurations  approximating  planetary 
probe  vehicles as  shown  in  figures 2 and 3. The  true  body  shape  in  figure 3 
is  taken  from  reference 20. These  approximations  were  obtained by  considering 
the  following  parametric  equations  for  a  body  shape 
which  correspond  to  equations (3) and ( 4 )  with N = 4 and 4 = 0. 
8 
I n  f i g u r e  4 some basic geometric parameters of a p lane tary  probe  are pre-  
sen ted .  The r ad ius  o f  cu rva tu re  o f  any  po in t  on t h e  body can be expressed as 
By de f in ing  a nose   r ad ius   o f   cu rva tu re  R N ,  a base r a d i u s  of cu rva tu re  RB, a 
veh ic l e   l eng th  L ,  a maximum body r a d i u s  Ymax, and   t he   l eng th   f rom  the   nose   t o  
t h e  l o c a t i o n  o f  t h e  maximum body r a d i u s  on the  symmetry l i n e  L I ,  it is poss i -  
b le  t o   s o l v e   f o r  A2, A3, A4, B,  and C.  To s p e c i f y  Ymx, it is a l so  nec- 
e s sa ry   t o   de t e rmine  emax s: t h a t  yb(e,,) = Ymax and dyb/d9(9,,) = 0. 
These  spec i f i ca t ions  r e su l t  In  the  fo l lowing  equa t lons :  
(-B + 4A4 - 3A3 + 
C + 16A4 - 9A3 + 4A2 R ( T )  = RN 
Equat ions (7)  t o  (12 )  can  be solved by use  of  Newton's method t o  o b t a i n  
A4, A 3 ,  A 2 ,  B,  C ,  and emax. When choosing the va lues   o f  R N ,  RB,  and L I ,  
it may prove necessary to  pick adjusted values  which w i l l  g i v e  a bet ter  o v e r a l l  
approximat ion   to   the  desired body shape. A s  po in t ed   ou t   i n   r e f e rence   19 ,  it is 
n o t  p o s s i b l e  t o  a c c u r a t e l y  model a l l  body shapes   wi th   equat ions  ( 3 ) .  Therefore ,  
once  the  cons tan ts  are ob ta ined ,  t he  ana ly t i c  approx ima t ion  has t o  be co.mpared 
wi th  t h e  desired body shape   to   de te rmine  whether agreement is s a t i s f a c t o r y .  A 
t r ia l -and-er ror   approach  was e s t a b l i s h e d  whereby v a l u e s   f o r  R N ,  RB, and L1 
were var ied  over  a narrow range of values which were c lose  to  the  measu red  V a l -  
u e s  f o r  t h e  d e s i r e d  body shape  and  then  the  resu l t ing  ana ly t ic  approximat ion  
was compared w i t h  t h e  t r u e  body shape.  The ana ly t i c  approx ima t ions  shown i n  
f i g u r e s  2 and 3 were o b t a i n e d  i n  t h i s  manner. The parameters  which were spec i -  
9 
f ied and the r e s u l t i n g   v a l u e s   f o r  B, C ,  A2, A3, and A4 tha t   cor respond 
t o  t h e s e  f i g u r e s  are p r e s e n t e d  i n  table  I. 
ANALYTIC DEVELOPMENT 
I n  o r d e r  t o  test  t h e  u s e f u l n e s s  o f  t h e  c o o r d i n a t e  s y s t e m  j u s t  d e s c r i b e d ,  a 
so lu t ion  to  the  supe r son ic  f low a t  an  angle  of' a t t a c k  o f  Oo over  b lunt ,  axisym- 
metric, or two-dimensional  bodies is obta ined .  The a n a l y s i s  is s i m p l i f i e d  by 
making the fol lowing assumptions:  
Npp = Constant 
1-1 = p(T)  (us ing  Su the r l and ' s  law) 
Perfect gas 
No r a d i a t i v e  h e a t  t r a n s f e r  
The q u a n t i t y  VB is t h e  b u l k  v i s c o s i t y  c o e f f i c i e n t  which is set e q u a l  t o  z e r o  
i n  k e e p i n g  w i t h  g e n e r a l  p r a c t i c e s .  
S t r i c t l y  s p e a k i n g ,  the  Navier-Stokes equat ions refer o n l y  t o  t h e  momentum 
equat ions .  By following  Vincenti   and  Kruger ( r e f .  211, t h e  term Navier-Stokes 
equat ions  is used  he re in  to  refer t o  the complete set o f  p a r t i a l  d i f f e r e n t i a l  
equat ions  t h a t  desc r ibe  the motion of a v iscous  heat conduc t ing  f lu id .  These  
equa t ions ,  expres sed  in  a genera l ized  or thogonal  coord ina te  sys tem,  are nondi- 
mensionalized as fo l lows:  
P = P*/PcoS 
I = I * / V  *2 
co 
u = u*/vm* v = v*/vco* 
1-1 = 1-1*/1-1,* 
The Navier -S tokes  equat ions  wr i t ten  in  t h e  t ransformed coordinate  system 
may be obtained  f rom  references 22 and 23. S ince  only  t h e  s teady-s ta te  so lu-  
t i o n  t o  t h e  governing equat ions is d e s i r e d ,  a term invo lv ing  the  time rate o f  
change of pressure has been omitted from t h e  e n e r g y  e q u a t i o n  i n  o r d e r  t o  sim- 
p l i fy  the  numer i ca l  p rocedure .  The o the r  time d e r i v a t i v e  terms must be k e p t  i n  
o r d e r  t o  r e t a i n  the  hyperbol ic  na ture  of  t he  gove rn ing  equa t ions  in  time. The 
omiss ion  o f  t he  t r ans i en t  p re s su re  term proh ib i t s  an  accu ra t e  mode l ing  o f  t h e  
t r a n s i e n t   f l o w   s i t u a t i o n .  However, as noted by Crocco ( re f .  24) ,  t h e  unsteady 
equat ions  are u s e d  s t r i c t l y  as a g u i d e  i n  c h o o s i n g  a n  i t e r a t i o n  p r o c e d u r e .  
Allen ( ref .  15) no te s  t h a t  the d i f f e r e n c e  scheme can be modif ied to  approximate 
a d i f f e ren t  uns t eady  equa t ion  as long as the s t eady- s t a t e  d i f f e rence  equa t ions  
and boundary conditions are c o r r e c t .  
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The  convective  terms  in  the  governing  equations  are  written  in  conserva- 
tion  form as recommended  in  reference 25  for  shock  capturing  whereas  the  dissi- 
pative  terms  are  expanded so that  they  no  longer  retain  conservation  form. 
In  preliminary  numerical  calculations  it  was  found  that  finite-difference 
approximations  of  terms  involving  products  of  metric  coefficients  with  the 
conservation  flow  variables  (that is, a(hpu)/ae, a[h2(p + pu2)]/ae, and 
a ( h2puv)/ae)  caused  large  errors in the  numerical  solution.  This  problem  was 
most  obvious  in  the  free-stream  flow  ahead  of  the  shock.  Values  for  free- 
stream  density  along  the  stagnation  streamline  were  in  error  by as much as 
4 percent.  The  corresponding  Mach  numbers  differed  from  the  free-stream  con- 
dition by as much as 10 percent  for M, = 2 and y = 1.4. The  governing  equa- 
tions  were  rewritten in  a  form  which  separated  derivatives  of  metric  coeffi- 
cients  from  derivatives  of  conservation  flow  variables.  The  derivatives  of  the 
metric  coefficients  are  analytic  functions  of 8 and r which  are  easily 
obtained  from  equations (A4). The  derivatives  of  the  conservation  flow  vari- 
ables  are  approximated  by  finite-difference  formulas.  The  governing  partial 
differential  equations  expanded  in  this  manner  become  for: 
Continuity: 
8 -momentum : 
1 1  
r-momentum: 
1 ah 1 ah 1 a2h 
_””
(Equation continued on next page) 
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The numer ica l  so lu t ions  obta ined  by d i f f e r e n c i n g  t h e  e q u a t i o n s  i n  t h i s  manner 
brought a l l  free-stream p r o p e r t i e s  w i t h i n  1 percent  of  an  undis turbed  f i e l d .  
It should be noted that  equat ions  (13) t o  ( 1 6 )  are n o t  i n  s tr ict  conserva- 
t i o n  f o r m  i n  t h e  sense  tha t  when they  are app l i ed  t o  an undis turbed uniform 
f low,  they do n o t  r e t u r n  a uniform  flow a f te r  o n e  i t e r a t i o n .  An e r r o r  on t h e  
o rde r   o f  (A0 )2  + (Ar)2 is in t roduced .  For example, a uniform  two-dimensional 
f l o w  w r i t t e n  i n  the  coordinate   system as expressed by equat ions  ( 1 )  w i t h  B = 1, 
C = 1 ,  An = 0 has the fo l lowing   p rope r t i e s :  
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I 
p = 1  
Y = l  
After one i t e r a t i o n  ( p r e d i c t o r  s t e p )  on t h e s e  c o n d i t i o n s ,  t h e  c o n t i n u i t y  e q u a -  
t i o n  y i e l d s  
pn+l pn + Ater COS 8 ( s i n  A0 A0 - 1) 
These  e r ro r s  have shown no s i g n  o f  s e r i o u s l y  d i s t u r b i n g  t h e  f i n a l  s o l u t i o n .  
An add i t iona l  coord ina te  t r ans fo rma t ion  is u t i l i z e d  which s i m p l i f i e s  the  
t reatment  of  the inf low and outf low boundary condi t ions and gives  some c o n t r o l  
on t h e  d e n s i t y  of mesh p o i n t s  n e a r  t h e  body i n  a d i rec t ion  normal  t o  t h e  body. 
A new coord ina te  rl is def ined so  t h a t  
r = B l oge  ~l (T, = er/B; B > 0) (17 )  
where -a < r 2 0 and 0 < Tl 5 1 .  Th i s   coo rd ina te   s t r e t ch ing  maps the   in f low 
and   ou t f low  boundary   condi t ions   to   in f in i ty .  All boundary  conditions a t  i n f i n -  
i t y  are known. Th i s  coord ina te  s t r e t ch ing  does  no t  a f f ec t  t he  o r thogona l i ty  o f  
the  coordinate   system.  Such a t ransformat ion  was used  by K i t c h e n s   ( r e f .  17)  i n  
o r d e r  t o  e l i m i n a t e  r a r e f a c t i o n  waves i n  a wake induced by f i x i n g  free-stream 
boundary  conditions a t  a f i n i t e  d i s t a n c e  downstream  of a body. Der iva t ives  
wi th  r e s p e c t   t o  r are w r i t t e n  as d e r i v a t i v e s   w i t h   r e s p e c t   t o  11 as  fo l lows:  
a (  a (  1 dn 
1 
""
ar - an  d r  
-1 
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All  derivatives of flow  properties  with  respect  to r in  equations (13) to (16) 
are  now  replaced  by  their  counterparts  in  equations ( 1 8 ) .  
On  the  line of  symmetry  the  0-momentum  equation  is  not  solved  because 
u = 0. For axisymmetric  problems,  the  limiting  forms  of  the  conservation  equa- 
tions  for  mass,  r-momentum,  and  energy  must  be  obtained  because  the  factor 1/Y 
which  appears  in  many  of  the  terms  in  those  equations  increases  without  limit 
as 0 approaches 0 or IT. (Note  that Y = 1 for  two-dimensional  problems.) 
The  limiting  form of  these  equations  is  easily  obtained  by  applying  L'Hospitals 
rule  to  all  terms  in  these  equations  which  are  multiplied  by 1/Y. 
NUMERICAL  TECHNIQUE 
A modification  of  the  Brailovskaya  scheme  which  was  introduced  by  Allen 
and  Cheng  (refs.  15  and 2 6 )  was  applied  to  equations (13 )  to (16) to  obtain  the 
numerical  solutions  presented  herein.  The  differencing  technique  is  presented 
in  appendix B. This  particular  method  was  chosen  because  the  viscous  stability 
limit  in  the  Navier-Stokes  equations  is  removed  in  Cartesian  coordinates  for 
constant  viscosity.  Allen  and  Cheng  point  out  that  when  there  is a large  expan- 
sion of the  flow  around a corner or when  the  density  in  the  near  wake  is small, 
the  stability  limit  on  the  time  step  based  on  the  diffusion  terms  can  be 
severely  restrictive  as  compared  with  the  stability  limit  based  on  the  inviscid 
terms.  The  elimination  of  this  stability  limit  makes  their  modification  to 
Brailovskaya's  scheme  very  attractive.  The  stability  limit  on  the  time  step 
for  the  inviscid  portion  of  the  governing  equations  is  derived  in  reference 27. 
This  limit  can  be  written  in  Cartesian  coordinates as
In  the  transformed  coordinate  system,  this  limit  is  written  as 
I 
This  transformed  stability  limit  was  obtained  by  substituting  the  terms 
for  velocity  and  arc  length  in  the  transformed  plane  that  correspond  to  the 
equivalent  terms  in  the  Cartesian  plane.  The  stability  limit  from  equa- 
tion ( 2 0 )  was  used  in  all  calculations  without  any  indication  of  numerical 
instability.  Also,  comparisons  were  made  in  regions  of  severe  expansion 
(around  the  corner of the  Viking  aeroshell,  for  example)  and  it  was  found  that 
the  actual  time  increment  used  exceeded  the  viscous  limit  by  more  than a factor 
of 20 (see  table 111, where  the  viscous  stability  limit is (ref. 27) 
15 
0.410N N O.41ON N 
A t  5 , Pr Re,a P r  3e.2-W" \ 
Convergence Criteria 
The modified form o f  t h e  Brailovskaya method is  used h e r e i n  t o  o b t a i n  t h e  
s teady-s ta te   so lu t ion   of   the   govern ing   equat ions .   Because  the s o l u t i o n  is 
a p p r o a c h e d  i n  a n  i t e r a t i v e  manner, i t  is n e c e s s a r y  t o  es tabl ish some cr i ter ia  
t o  i n s u r e  t h a t  t h e  resul ts  have i n  fact  converged  to  a s t eady  state.  A var i -  
able e is def ined so  t h a t  
n+ 1 n 
e =  P - P  
P" max 
i , j  
The v a r i a t i o n  o f  e as a f u n c t i o n  o f  i t e r a t i o n  number is shown i n  f ig-  
u re  5 f o r  d i f f e r e n t  mesh s i z e s .  The s o l u t i o n  i s  s a i d  t o  be converged when the  
va lue   o f  e becomes less  than some small number E. Care must be e x e r c i s e d   i n  
choosing t h e  va lue   o f  E as can be s e e n   i n   f i g u r e  5. The va lue   o f  E should 
be  chosen as  some small number which i s  below the l e v e l  where the  e v a r i a t i o n  
b e g i n s   t o   l e v e l   o u t .  For example, i n  t h e  case o f  the e v a r i a t i o n   f o r  a g r id  
o f  51 x 50 with t h e  s t r e t c h i n g   p a r a m e t e r  f! = 1, it can be seen  t h a t  e starts 
t o  b e v e l  o u t  after 2000 i t e r a t i o n s  a t  0.0002. When i t  was f i n a l l y  established 
tha t  the v a r i a t i o n  of e had leveled  and was s t a r t i n g  a much slower decrease, 
a va lue   o f  E e q u a l   t o  0.0001 was chosen as t h e  convergence c r i t e r i a .  A com- 
p a r i s o n   o f   r e s u l t s   f o r  is g i v e n   i n   t a b l e  I11 a t  v a r i o u s   i t e r a t i o n   l e v e l s  
t o  show the effect  t h a t   v a r i o u s   v a l u e s   o f  Z have on t h e  s t a t i c  en tha lpy  
d e r i v a t i v e  a t  the wall. The en tha lpy  de r iva t ive  shou ld  be v e r y  s e n s i t i v e  t o  
any  changes  occurr ing  in  the  flow f i e l d .  The r e s u l t s  f rom tab le  I11 i n d i c a t e  
tha t  f o r  a mesh s i z e  o f  51 x 100, there is less than  a 2-percent  d i f fe rence  
between the  s o l u t i o n  a f te r  6000 i t e r a t i o n s  a n d  t h e  s o l u t i o n  after 4000 
i t e r a t i o n s .  
Fourth-Order Smoothing 
P re l imina ry  ca l cu la t ions  ind ica t ed  t h a t  some kind of dsmping o r  smoothing 
r o u t i n e  was n e c e s s a r y  t o  e l i m i n a t e  n u m e r i c a l  i n s t a b i l i t i e s ,  e s p e c i a l l y  i n  t h e  
v i c in i ty  o f  t he  shock .  A nonphysical damping func t ion  was used t o  e l i m i n a t e  
these i n s t a b i l i t i e s .  (See ref .  1.)  Terms of f o u r t h   o r d e r   i n  t he  spat ia l  g r i d  
are used  to  smooth r e s u l t s  a f t e r  e v e r y  i t e r a t i o n  as i n d i c a t e d  i n  t h e  fo l lowing  
equat ions .  
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The t i l d e  symbol  ove r  t he  f low va r i ab le s  ind ica t e s  t he  undamped r e s u l t s  from t h e  
s e c o n d  s t e p  o f  t h e  d i f f e r e n c e  scheme. 
The f ive-poin t  formulas  f o r  the  fou r th -o rde r  de r iva t ives  have  the  form 
When the  f ive-poin t  formula  f o r  t h e  f o u r t h - o r d e r  d e r i v a t i v e  i n v o l v e s  p r o p e r t y  
v a l u e s  a c r o s s  a l i n e  of symmetry,  then the appropriate  symmetric o r  antisym- 
metric va lue  of the  proper ty  must  be s u b s t i t u t e d  i n t o  e q u a t i o n  ( 2 4 ) ;  o t h e r w i s e ,  
nonzero  values   for   ap/ae  and a P / a e  on t h e  symmetry l i n e  w i l l  r e s u l t .  
For j = 1 o r  j = N J ,  no  damping i s  used in   t he   T l -d i r ec t ion .   Fo r  .i 6 2 
a4< 
or j 2 N J  - 1, t h e   f i v e - p o i n t   f o r m u l a   f o r  - cannot be used  because 
a174 
i t  i n v o l v e s   p o i n t s   o u t s i d e  of  the   computa t iona l   space .   Four-poin t   formulas   for  
t h i rd -o rde r   de r iva t ives   i n   t he   T l -d i r ec t ion  are used when j = 2 o r  j = N J  - 1. 
These formulas have the form 
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a3(  
aq 3 
When j = 2,  t h e   e x p r e s s i o n   f o r  (An 13 - f rom  equat ion (25) is s u b s t i t u t e d  
a 4 (  ) 
an 4 
for t h e  term (An ) - i n   e q u a t i o n s  (23);  when j = N J  - 1 ,  t h e   e x p r e s s i o n  
a3 (  ) a 4 (  1 
817 3 an 4 
for -(An)3 - f rom  equat ion  (26)  is s u b s t i t u t e d  f o r  t h e  term (Aq ) 4  ~ 
i n  e q u a t i o n s  (23) .  
I n  a s t a b i l i t y  a n a l y s i s  on the  inv i sc id  equa t ions ,  Ba rnwe l l  (ref.  1)  shows 
t h a t  t h e  damping c o e f f i c i e n t  must s a t i s f y  t h e  i n e q u a l i t y  
I d e a l l y ,  the  smallest va lue   o f  E i n  t h i s  range  which  allows a s t a b l e  smooth 
so lu t ion  shou ld  be used. However, because  of   the large amount of  computer time 
requ i r ed  to  run  a problem to  conve rgence ,  no  sys t ema t i c  s ea rch  fo r  an  llidealfl 
va lue   o f  E was undertaken. It was found  tha t  E = 0.001 would r e s u l t   i n  
stable s o l u t i o n s  f o r  most o f  the cases  cons idered  here in .  
I n i t i a l  C o n d i t i o n s  
Transformation " " of  uniform-veloci-t-y f i e l d . -  I n   o r d e r   t o  es tab l i sh  rea l i s t ic  
i n i t i a l  c o n d i t i o n s ,  it is n e c e s s a r y  t o  r e s o l v e  a uniform f low in t h e  x ,y  p l ane  
t o  t h e  e q u i v a l e n t  c o n d i t i o n  i n  t h e  8,r  plane.   This   can be accomplished i n  t h e  
following  manner. Let a uni form  ve loc i ty  f i e l d  of  magnitude V, approach a 
body i n  the x ,y  p lane  a t  Oo angle  of at tack. A l l  ang le s  are measured  from 
8 = 0 i n  a coun te rc lockwise   d i r ec t ion .  L e t  9 be def ined  as the   ang le   o f   t he  
vec to r   t angen t   t o  a l i n e   o f   c o n s t a n t  r i n  the d i r e c t i o n   o f   i n c r e a s i n g  8 .  
From c o n s i d e r a t i o n  o f  f i g u r e  6 ,  it may be determined tha t  
u = v, cos  JI :i (28 1 v = -v, s i n  9 
It is now necessary   to   de te rmine   cos  I) and s i n  $ as a func t ion  of 8 
and r. 
N 
n=2 
( B  s i n h  r - C cosh r )  s i n  8 + x nAnenr s i n  
N 
n=2 
( B  cosh r - C s i n h  r )  cos 8 + x nAnenr cos  
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n=2. 
( B  cosh r - C s i n h  r>  cos  8 + x nAnenr cos  ne  
h s i n  9 = - .~ "" . .  . 
.~ 
T h u s ,  t h e  i n i t i a l  u n i f o r m  f l o w  f i e l d  may be r e s o l v e d  i n t o  i ts  components u 
and v i n  t h e  transformed  system by us ing   equat ions   (28)   and   (30) .  
I n i t i a l i z a t i o n  p r o c e d u r e . -  When the first set  o f  c a l c u l a t i o n s  were per- 
formed on t h e  i n v i s c i d  e q u a t i o n s ,  t h e  i n i t i a l  c o n d i t i o n s  were prescr ibed  as a 
uni form  ve loc i ty  f i e l d  everywhere  except a t  t h e  body where v was set equal  
t o  0.  This  s i t u a t i o n  c o r r e s p o n d e d  t o  a body suddenly  mater ia l iz ing  a t  rest i n  
a supersonic  stream a t  time t = 0. Problems  developed as the shock started t o  
form  near  the  body.  Negative  values  of s t a t i c  enthalpy  occurred  between the  
shock  and the  forebody;   thus,   any f u r t h e r  c a l c u l a t i o n s  are terminated.  A prob- 
able cause of these nega t ive  va lues  was i n  the way surface boundary condi t ions 
are o b t a i n e d .  I n  most  l lshock  capturing"  numerical   methods,   in which no d i s -  
crete  shocks are assumed but  rather are a l l o w e d  t o  be smeared ove r  s eve ra l  mesh 
p o i n t s ,  it is common t o  see a s l i gh t  overshoot  and undershoot  of  propert ies  on 
e i t h e r  s ide  o f  t h e  s h o c k  ( r e f .  2 5 ) .  An ex t rapola t ion   procedure  was used t o  
ob ta in  p re s su re  on t h e  body b u t  t h i s  e x t r a p o l a t i o n  was i n v a l i d  when t h e  proper- 
t ies used  in  t h e  e x t r a p o l a t i o n  were i n  t h e  r e g i o n  o f  t h e  developing shock. 
. "  ~ "" ~ 
Thus, e i ther  t h e  method o f  ob ta in ing  t h e  boundary condition had t o  be 
changed o r  t he  i n i t i a l  f l o w  c o n d i t i o n s  had t o  be altered.  Kitchens ( re f .  17) 
took t h e  f i r s t  a p p r o a c h  and allowed the  s u r f a c e  v e l o c i t y  components t o  v a r y  
l i n e a r l y  from the  un i fo rm f low va lues  to  ze ro  a f t e r  some per iod  of  time t l .  
This  s p e c i f i c a t i o n  c o r r e s p o n d s  t o  a porous body w i t h  the amount of  mass f l u x  
through the su r face   dec reas ing   t o   ze ro   be tween  times t = 0 and t = t l .  The 
no - s l ip   cond i t ion  is t h e n   s p e c i f i e d  on t h e  s u r f a c e   f o r  times t 2 t l .  However, 
it was found to  be s i m p l e r  i n  t h e  p re sen t  program t o  a l t e r  the i n i t i a l  c o n d i -  
t i o n s  i n  s u c h  a way that  the shock would d e v e l o p  f u r t h e r  away from the body. 
Th i s  was accomplished by c a l c u l a t i n g  t h e  t r a n s f o r m e d  v e l o c i t y  components and 
m u l t i p l y i n g   t h e   r e s u l t  by 1 - r7. Then, the t o t a l   e n t h a l p y  a t  a po in t  was set 
e q u a l  t o  the free-stream s t a t i c  enthalpy plus  one-half  of  t h e  ve loc i ty  squa red .  
Thus, 
u = ( 1  - n>vm cos  9 1 
v = - ( I  - ~ I V ,  s i n  9 
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The v a r i a b l e  rl = 1 co r re sponds   t o  the  body so t h a t  the no - s l ip   cond i t ion  
is imposed. When rl = 0 ,  t he  v e l o c i t i e s  are unchanged  from the uniform  flow 
c o n d i t i o n s .   I n  the 8,rl computational  plane the i n i t i a l i z e d  v e l o c i t i e s  v a r y  
l i n e a r l y   f r o m  rl = 0 t o  rl = 1 .  I n  the x ,y   p lane  t h i s  a l t e r a t i o n   c o r r e s p o n d s  
to  an  exponen t i a l  damping of  the u n i f o r m  v e l o c i t y  f i e l d  as t h e  body is 
approached  from the far f i e l d .  This  s p e c i f i c a t i o n  d o e s  n o t  model  any  physi- 
c a l l y  r e a l i s t i c  s i t u a t i o n  b u t  d o e s  a l l o w  a s t e a d y - s t a t e  s o l u t i o n  t o  be 
obtained.  
Boundary Conditions and Mesh Pos i t i on ing  
An example o f  p o s i t i o n i n g  o f  mesh p o i n t s  i n  t h e  8,rl  computational plane 
is shown i n  f i g u r e  7 .  Note t h a t  mesh p o i n t s  are pos i t i oned  on the  l i n e  seg- 
ments 8 = 0 and 8 IT and t h a t  mesh p o i n t s  are posi t ioned  one-half  c e l l  
wid th  away from the  body, rl = 1 ,  and t h e  inflow  and  outflow  boundary, rl = 0 .  
T h i s  is t h e  same technique  used by Allen ( r e f .  15) and some exp lana t ion  fo r  the 
reasoning  behind the  approach w i l l  be  given.   Allen  begins  the  de r iva t ion   o f  
t h e  numerical  approach by w r i t i n g  t h e  conserva t ion  laws of  mass, momentum, and 
ene rgy  in  in t eg ra l  fo rm.  He works d i r e c t l y  f r o m  the i n t e g r a l  form  of the equa- 
t i o n s  t o  o b t a i n  a l l  the d i f fe rence  approximat ions .  It should  be  noted t h a t  t h e  
same set of  d i f fe rence  equat ions  presented  here in  could  be  obta ined  from the 
conservat ion laws of  mass, momentum, and  ene rgy  wr i t t en  in  d i f f e ren t i a l  fo rm.  
However, the in t eg ra l  approach  g ives  an  add i t iona l  i n s igh t  t o  the  de r iva t ion  o f  
the d i f f e rence  equa t ions  which  can be l o s t  i f  var ious  second-order  accura te  
d i f f e rence  approx ima t ions  to  de r iva t ives  that  are obtained from Taylor series 
e x p a n s i o n s  a r e  r o u t i n e l y  s u b s t i t u t e d  i n t o  the d i f f e r e n t i a l  form of t h e  conser- 
va t ion  equat ions .  
A l l  v a l u e s  o f  p r o p e r t i e s  a t  a mesh p o i n t  r e p r e s e n t  t h e  average value of  
the p r o p e r t y  i n  the  c e l l .  F l u x  terms ac ross  t h e  sides of  a ce l l  are w r i t t e n  i n  
terms of   the  average  values .  For example, 
where pu r e p r e s e n t s  the average   va lue   in  t h e  c e l l  and pu is the mass f l u x  
from the i c e l l   t o  the i + 1 ce l l .  
- 
When these v a l u e s  f o r  f l u x e s  and d e r i v a t i v e s  a t  the boundaries of a c e l l  
are s u b s t i t u t e d  i n t o  t h e  i n t e g r a l  form  of t h e  conserva t ion  laws, t h e  d i f f e r e n c e  
formulat ions  of  t he  conserva t ion   equat ions  are obtained.  For  example, when sub-  
s t i t u t i n g  i n t o  t h e  i n t e g r a l  form of  the equat ion for  t h e  conserva t ion  of  mass 
i n  C a r t e s i a n  c o o r d i n a t e s ,  one f i n a l l y  o b t a i n s  
20 
I 1  
i+-, j
a P  -1 Pu 
a t  - A~ "- PV I i--, j 
2 
r 
1 
i, j+- 
2 
1 
i, j-- 
2 
1 
A s  can be seen ,  a second-order  accura te  cent ra l  d i f fe rence  approximat ion  
r e s u l t s   f o r  the p a r t i a l   d e r i v a t i v e s  aPU/ax and aPV/ay which, as stated 
before ,  could have been obtained direct ly  f rom t h e  d i f f e r e n t i a l  form of t h e  
conserva t ion  laws. I n  l ike manner the second  der iva t ive  of U wi th  r e s p e c t  
t o  x would be  w r  i t t e n  
1 - Ax1 Ax Ax i--, j 2 
" 
which is the second-o rde r  accu ra t e  cen t r a l  d i f f e rence  approx ima t ion  to  t h a t  
d e r i v a t i v e .  
I n  d e r i v i n g  t h e  d i f f e r e n c e  a p p r o x i m a t i o n s  t o  the d e r i v a t i v e s  i n  t h e  gov- 
e r n i n g  e q u a t i o n s ,  t h e  v a l u e s  o f  f l u x e s  and d e r i v a t i v e s . o f  v e l o c i t i e s  on t h e  
sides of the computat ional  cell  are the basis of t h e  approximation.  Thus, 
Allen ( re f .  15 )  po in t s  ou t  !!The greatest advantage  of t h e  i n t e g r a l  f o r m u l a t i o n  
is the  concep tua l  a id  it g ives  in  app ly ing  boundary  cond i t ions .  It i n d i c a t e s  
t h a t  wall boundaries  would be bet ter  placed along c e l l  edges rather than  
through mesh p o i n t s .  
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Consequent ly ,  in  t he  genera l ized  or thogonal  coord ina te  sys tem used  here in  
a l l  t h e  p r o p e r t y  d e r i v a t i v e s  which a p p e a r  i n  e q u a t i o n s  (13) t o  (161,  except  f o r  
8 d e r i v a t i v e s  on a l i n e  of symmetry, were approximated  on t h e  basis of  t he  . 
va lues  of p r o p e r t i e s  on the sides of a c e l l  wall. All d e r i v a t i v e s  o f  metric 
c o e f f i c i e n t s  are e v a l u a t e d  a n a l y t i c a l l y .  I n  most cases, that  is, f o r  a l l  t he  
i n t e r i o r  p o i n t s ,  the va lues  a t  the cel l  wall are c a l c u l a t e d  by us ing  the aver-  
age v a l u e s  o f  p r o p e r t i e s  i n  t he  cel ls  on either s i d e  o f  the wall. Methods f o r  
e s t a b l i s h i n g  ce l l  wall va lues  a t  the boundaries  are d i scussed  in  append ix  C.  
Symmetry Condit ions 
The computational  boundaries  along the l i n e s  0 = 0 and 0 = IT co r re -  
spond t o  a l i n e  of symmetry i n  the flow. The ce l l  c e n t e r s  are placed on these 
boundar i e s  t o  f ac i l i t a t e  the c a l c u l a t i o n s  o f  the  l imi t ing  form of  the governing 
equa t ions   fo r   ax i symmet r i c   f l ow  s i t ua t ions .  The symmetry cond i t ions  are 
VNI+n, j = VNI-n, j 
P I - n , j  = P l + n , j  PNI+n,j = PNI-n,j 
I l - n , j  = I l + n , j  INI+n, j = INI-n, j 
u 1 , j  = 0 U N I , j  = 
I n  p r e l i m i n a r y  c a l c u l a t i o n s  it was found t h a t  a more accu ra t e  s t agna t ion  
l i n e  s o l u t i o n  wi th  smoo the r  p rope r ty  d i s t r ibu t ions  a long  t h e  body could be 
obta ined  i f  t h e  d e r i v a t i v e s  with r e s p e c t  t o  0 were c a l c u l a t e d  by us ing  a 
four th-order   accura te   cen t ra l   d i f fe rence   formula .  If a second-order   accurate  
cen t r a l  d i f f e rence  fo rmula  i s  u s e d  t o  o b t a i n  d e r i v a t i v e s  w i t h  r e s p e c t  t o  0 
a c r o s s  the  symmetry l i n e ,   t h e n  a ( p u ) / a 0 ,  a (puv>/a0 ,   and   au /N are calcu-  
la ted by using information from only one adjacent  c e l l .  A fourth-order  accu-  
rate c e n t r a l   d i f f e r e n c e   a p p r o x i m a t i o n   t o  t h e  0 d e r i v a t i v e s  feeds information 
from two ad jacen t  ce l l s  t o  t he  symmetry l i n e   c a l c u l a t i o n s .  A t  i = 1 ,  f o r  
example, 
This  d i f f e renc ing  scheme does not follow t h e  i n t e g r a l  a p p r o a c h  e x p l a i n e d  i n  the 
earlier s e c t i o n s .  However, it was f e l t  tha t  the  improved s o l u t i o n s   o b t a i n e d   i n  
t h i s  manner j u s t i f i e d  the spec ia l  t r ea tmen t  o f  the symmetry l i n e .  
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RESULTS AND DISCUSSION 
A computat ional  technique based on the  numer ica l  method d e s c r i b e d  i n  t h e  
p rev ious  sec t ion  has  been programmed fo r  u se  in  the  t r ans fo rmed  coord ina te  sys -  
tem. The program has b e e n  w r i t t e n  t o  describe supersonic   f low  over  two- 
dimensional or axisymmetric body shapes.   Comparisons  with  experimental  data 
are presented  which  ver i fy  the technique.  Flow f i e l d s  around the Viking  aero- 
s h e l l  and a cand ida te  conf igu ra t ion  fo r  a Jupi te r  probe  are a l so  ca l cu la t ed  and  
presented .  A d i scuss ion  o f  t he  program's  range  of  appl icabi l i ty  a long  wi th  the 
p resen ta t ion  o f  some computa t iona l  r e su l t s  fo l lows .  
Range o f  App l i cab i l i t y  
P r a c t i c a l  l i m i t a t i o n s  on s torage  space  and execut ion time on the computer 
res t r ic t  the number o f  mesh p o i n t s  which can be used t o  d e f i n e  a flow f i e l d .  
The program r e q u i r e s  75 000 o c t a l  words of  central  memory f o r  a mesh s i z e  o f  
51 x 50 and 121 000 o c t a l  words o f  c e n t r a l  memory f o r  a mesh s i z e  o f  51 x 100. 
Execution time on the  Cyber  175 w i t h  an  opt imiza t ion  for  fas t  execut ion  i s  
approximately 0.9 s e c  p e r  i t e r a t i o n  p e r  1000 g r i d  p o i n t s .  
The s t r e t c h i n g  parameter 6 makes it  p o s s i b l e   t o   c o n c e n t r a t e  many g r i d  
po in t s  nea r  t he  body a t  t h e  expense of producing a sparse d i s t r i b u t i o n  o f  mesh 
p o i n t s  far away from t h e  body. Some examples   o f   t he   e f f ec t s   o f   t he   s t r e t ch ing  
parameter on mesh p o s i t i o n i n g  are p r e s e n t e d  i n  t ab le  I V .  For a f ixed  number o f  
mesh p o i n t s   i n  the Tl-direction, it can be seen t h a t  as  B is decreased,  the 
outermost mesh p o i n t s  are drawn c l o s e r  t o  t h e  body.  Consequently, a lower 
limit on I3 must  be imposed i n  o r d e r  t h a t  the shock may be captured  and the  
f l o w  i n  the wake computed. 
By us ing  a B l a s i u s  t y p e  s o l u t i o n  f o r  c a s e s  where boundary-layer theory 
a p p l i e s ,  i t  can be shown t h a t  the  nondimensional  laminar  boundary-layer t h i c k -  
ness over an axisymmetric or  two-dimensional blunt body is on the  order  of  
Mwh". An adequa te   r e so lu t ion   o f  t h e  boundary   l ayer   requi res  the 
placement  of  several  mesh poin ts  across  the  ac tua l  boundary- layer  th ickness .  
Therefore ,  a l a r g e  number of  mesh p o i n t s  i n  the + d i r e c t i o n  and a small va lue  
of the s t r e t ch ing   pa rame te r  I3 are needed t o   p o s i t i o n  enough g r id  p o i n t s   i n  
the boundary   l ayer   for   very  large Reynolds number f lows.  As ind ica t ed  earlier 
i n  table  I V ,  t he  use  o f  coord ina te  s t r e t ch ing  a lone  may p u l l  a l l  t he  mesh 
p o i n t s  t o o  c l o s e  t o  the body and prevent  an adequate  descr ipt ion of  the bow 
shock  shape  and  flow i n  the wake. For example, some typ ica l   f l ow f i e l d  r e s u l t s  
i n d i c a t e  tha t  t h e  bow shock is s t r e t c h e d  o v e r  t h r e e  t o  f o u r  g r id  p o i n t s .  
Morduchow and  Libby ( r e f .  28)  show t h a t  i f  one  assumes  that  continuum assump- 
t i o n s  a p p l y  i n  a shock t h a t  is no less  than seven mean free pa ths  th i ck ,  t hen  
the  Mach number o f  the flow  must be less than 1.3. They expres s  the  mean free 
pa th  of  a molecule ahead of the shock as 
By express ing  
t h e  Knudsen  umber N K ~  is obtained as 
Since the nondimensional  shock thickness  i s  on t h e  o r d e r  o f  t h e  Knudsen  number, 
t h i s  r e l a t i o n s h i p  e n a b l e s  one t o  make an approximation of  the s ize  of  the 
region  over  which the shock is smeared. Admit ted ly ,   the   govern ing   equat ions  
used  herein are no t   su f f i c i en t   t o   r e so lve   t he   f l ow  th rough  the shock. However, 
r e s o l u t i o n  o f  t h e  bow shock is needed to  avoid smearing the shock throughout  a 
large por t ion   of   the   shock   layer .   Therefore ,   for   the   purposes   o f   reso lv ing   the  
flow detai ls  with the t o o l s  o f  t h i s  ana lys i s ,  computa t ions  are res t r ic ted t o  
low  Reynolds number f lows.  
The free-stream Reynolds  number,  however,  cannot be a l lowed  to  become t o o  
small or continuum theory, upon  which the Navier-Stokes equations are based, is 
n o t  v a l i d .  P r o b s t e i n  d e f i n e s  a Knudsen  number i n  terms o f  a mean free p a t h  i n  
the  shock  layer  d iv ided  by the  shock- l aye r  t h i ckness ,  
x,* xw* M, 
NKn=""p - - AS* RN" *Re 
and  uses t h i s  parameter  to  roughly delimit var ious  f low regimes (refs .  29 
and 30) .  I n  p a r t i c u l a r ,  he d e f i n e s  two flow regimes which are wi th in  the  capa-  
b i l i t i e s  o f  t h i s  a n a l y s i s  and p l ace  a lower limit on the Reynolds number range.  
I n  t h e  v i s c o u s  l a y e r  regime !Ithe shock layer  i s  a fu l ly  v iscous  cont inuum ame- 
n a b l e  t o  t r e a t m e n t  w i t h  the  complete  Navier-Stokes  equations,  and  the  shock 
wave may be t r e a t e d  as a d iscont inui ty  across  which  the  Hugonio t  ( shock)  rela- 
t ions   applyT1 ( ref .  30) .  This  regime is de l imi t ed  by 
MW 
I n  t h e  i n c i p i e n t  merged layer  reg ime,  the shock layer  is s t i l l  treated as a con- 
tinuum but the shock can no longer be considered a d i s c o n t i n u i t y  s a t i s f y i n g  t h e  
classical  Rankine-Hugoniot r e l a t i o n s .  T h i s  regime is d e l i m i t e d  by 
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t h e  f u l l y  merged l a y e r  regime is entered and it is i n c o r r e c t  t o  assume a con- 
tinuum state a l though Probs te in  c i tes  seve ra l  pape r s  which i n d i c a t e  t h a t  t h e  
Navier-Stokes equations can be u s e d  t o  o b t a i n  estimates f o r  s k i n  f r i c t i o n  a n d  
h e a t  t r a n s f e r ,  and t o  o b t a i n  mean d e n s i t y  and v e l o c i t y  d i s t r i b u t i o n s .  
It should be noted t h a t  as the  flow expands around the body i n t o  t h e  wake, 
the mean free pa th  can  increase  by ap roximately a f a c t o r  o f  20; t h i s  i n c r e a s e  
cor responds   to   the   change   of  u*/p* f$ from the fo rebody  s t agna t ion  r eg ion  to  
the  wake. Thus,  one  could be i n  t h e  v i s c o u s  l a y e r  o r  i n c i p i e n t  merged l a y e r  
regime i n  the forebody and enter  the equivalent  of  a f u l l y  merged l a y e r  regime 
i n  t h e  wake. 
I n  o r d e r  t o  k e e p  t h e  p r e s e n t  a n a l y s i s  s i m p l e ,  the no-s l ip  wall boundary 
cond i t ions  on veloci ty   and  temperature   have  been  appl ied.   In  fac t ,  the  condi-  
t i o n  f o r  z e r o  v e l o c i t y  s l i p  h a s  b e e n  u s e d  t o  e s t a b l i s h  t h e  spec ia l ized  form 
o f  the  no rma l  ve loc i ty  de r iva t ives  in  the v i c i n i t y  o f  the wall. P robs t e in  
( r e f .  30)  der ives  a c o n d i t i o n  f o r  n e g l i g i b l e  s l i p  as 
I n  a l l  the cases cons idered   here in ,  Ts*/Tb* >= 1 .  However, it is  empha- 
s i zed  t h a t  t h i s  r e l a t ionsh ip  does  no t  mean t h a t  s l i p  d o e s  n o t  e x i s t  as an 
i d e n t i f i a b l e  phenomenon b u t  only t h a t  i t s  e f f e c t  on mean aerodynamic  quant i t ies  
is no t   l a rge .  Schaaf and Chambre ( ref .  31) roughly bound a s l ip   f l ow  r eg ime  on 
t h e  basis of  experimental  evidence by 
0.01 < < 0.1 
MW 
JNRe,, 
(NRe, ’ 1 )  
Some of  the experimental  data  used as a basis of  comparison in  the nex t  s ec t ion  
f a l l  wi th in  t h i s  r ange  and  mod i f i ca t ions  to  the  so lu t ion  t echn ique  are d i s -  
cussed  in  t h a t  s e c t i o n .  A more detailed examination  of the effects o f  s l i p  i n  
t h i s  Mach number and Reynolds number range w i l l  be presented  wi th  t h e  r e s u l t s  
of t h a t  comparison. 
A Reynolds number range may t h e r e f o r e  be summarized as fo l lows:  
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where the upper limit is imposed  because of an i n a b i l i t y  to  r e s o l v e  a t h i n  
boundary layer and the  lower limit is imposed so  t h a t  continuum theory i s  
a p p l i c a b l e .  A c o r r e c t i o n  f o r  v e l o c i t y  and t e m p e r a t u r e  s l i p  may be  requi red  
a t  t he  lower Reynolds number limit, depending  on  o ther  proper t ies  of t h e  flow 
f i e l d .  
The p rocess  o f  cap tu r ing  a s t r o n g  shock and spreading t h e  d i s c o n t i n u i t y  
ove r  s eve ra l  mesh p o i n t s  c a n  r e s u l t  i n  a small overshoot and undershoot of 
p r o p e r t i e s  on either side o f  the shock. The magnitude of t h e  overshoot  
dec reases  wi th  i n c r e a s i n g  damping factor and i n c r e a s e s  with i n c r e a s i n g  mesh 
po in t  s epa ra t ion .  The bow shock i s  c l o s e s t  t o  t h e  body, i n  a r eg ion  o f  rela- 
t i ve ly  dense  mesh s p a c i n g ,  i n  the  s t agna t ion  r eg ion ;  as the bow shock  wraps 
around t h e  body and approaches the Mach a n g l e ,  i t  moves  away from t h e  body 
i n t o  a n  area o f  r e l a t i v e l y  s p a r s e  c o n c e n t r a t i o n  o f  mesh p o i n t s .  It has  been 
observed tha t  as the bow shock forms i n  high Mach number f low,  nega t ive  s ta t ic  
e n t h a l p i e s  are c a l c u l a t e d  i n  t h e  v i c i n i t y  of t he  shock. These nega t ive  s t a t i c  
e n t h a l p i e s  are a consequence of the ve loc i ty  ove r shoo t  on the inf low side o f  
the shock. 
The s ta t ic  en tha lpy  is computed by s u b t r a c t i n g   ( u 2  + v2)/2  from the 
t o t a l   e n t h a l p y  I. The t o t a l  e n t h a l p y  is approximate ly  cons tan t  across  the  
shock and is equal  t o  
By d e f i n i n g  V I  as the ca l cu la t ed   ve loc i ty   ahead   o f  the shock, the per-  
cent   overshoot   of  the  v e l o c i t y  Op is def ined  as 
( V I "  - V,") 
VW* 
op = 100 ~ = I O O ( V 1  - 1 )  
The ca l cu la t ed  s t a t i c  en tha lpy  ahead of the shock is then expressed as  
1 1 1 OP ( O P P  
2 (Y - 1 >MW2 (Y - 1)M, 2 100 20 000 
i l  = 11 - - ~ 1 2  z -" 
Consequently , if 
a n e g a t i v e  s t a t i c  e n t h a l p y  is ca l cu la t ed  and the  program execution is 
terminated.  
A s  can be s e e n  i n  these r e l a t i o n s h i p s ,  the  a l lowable  percent  overshoot  
dec reases  as M, i n c r e a s e s .  It has been  found tha t  w i t h  a g r id  s i z e   o f  
51 x 50, the onse t  o f  t he  p r o b l e m  o f  c a l c u l a t i n g  n e g a t i v e  s t a t i c  e n t h a l p i e s  
26 
ahead of  a bow shock  occurs a t  M, z 4 f o r  a sphere  and M, z 3 .5   fo r  a 
cy l inde r  w i t h  y = 1.4.  The Mach number limit is s l i g h t l y  higher f o r  a sphere 
because the  bow shock  s t ands  c lose r  t o  t he  body i n  a n  area w i t h  a r e l a t i v e l y  
large concent ra t ion  of  mesh p o i n t s .  
It should be noted t h a t  improvements t o  the numerical approach can be made 
to  ex tend  the Mach number and Reynolds number range and to  r educe  the  execu t ion  
time on the  computer. The technique  can  be reprogrammed t o  r u n  on the  STAR 100 
computer with a p o t e n t i a l  e x e c u t i o n  time reduct ion of  an order  of  magni tude 
(ref.  32) .  The numerical   approach  can  a lso be a l tered so t h a t  t h e  s t a b i l i t y  
limit on A t  is increased  by u s i n g  a n  a i t e r n a t i n g  d i r e c t i o n  i m p l i c i t  method o r  
p a r t i a l  i m p l i c i t i z a t i o n  (refs. 33  and 3 4 ) .  A shock f i t t i n g  t e c h n i q u e  c a n  be 
app l i ed  so that  t h e  bow shock is treated as a d i s c o n t i n u i t y  which f l o a t s  
be tween  gr id   po in ts  ( r e f .  35). T h i s  modi f ica t ion  will extend the  Mach number 
range and w i l l  remove the requirement of a large number o f  mesh p o i n t s  i n  t h e  
v ic in i ty   o f   the   shock .   Consequent ly ,  a more e f f i c i e n t   c o o r d i n a t e   s t r e t c h i n g  
r o u t i n e  ( r e f .  36) can be used  to  inc lude  more p o i n t s  n e a r  t h e  body and t o  com- 
pu te  higher  Reynolds number f lows.  
Experimental  Comparisons 
Exper imenta l  p ressure  coef f ic ien t  and convec t ive  hea t - t r ans fe r  coe f f i c i en t  
d i s t r i b u t i o n s  were obtained over  a c i r c u l a r  c y l i n d e r  n o r m a l  t o  a supersonic  
rarefied a i r s t r e a m  i n  the  Mach number r ange  1 .3  to  5 .9 ,  t h e  Reynolds number 
range 19 t o  2050,  and a t  two c y l i n d e r  wall average  tempera ture  leve ls  of  90 K 
and 210 K i n  t he  low-dens i ty  wind- tunne l  f ac i l i t y  o f  t he  Un ive r s i ty  o f  
C a l i f o r n i a  a t  Berkeley by Tewfik  and G i e d t  ( r e f .  37).   Detailed  comparison 
cases were run w i t h  t h e  program descr ibed  here in  for  a Mach number of 1.90 and 
a Reynolds number o f  105. 
Pressure  coef f ic ien t  compar isons  for  the  case  of  an  ad iaba t ic  wall a r e  
p r e s e n t e d   i n   f i g u r e  8.  Close  agreement i s  obtained  between t h e  c a l c u l a t e d  and 
experimental  resu l t s  over t he  forebody of  the cyl inder  through a va lue  of  
IT 2 0 > -. The c a l c u l a t e d  p r e s s u r e  c o e f f i c i e n t s  on t h e  base f o r  t he  range Tr 
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0 S 8 5 - f a l l  s l i g h t l y  b e l o w  t h e  e x p e r i m e n t a l  r e s u l t s  b u t  t h e  comparisons 
are s t i l l  g e n e r a l l y  good here. The p r e s s u r e  c o e f f i c i e n t  o v e r  t h e  c y l i n d e r  f o r  a 
co ld  wall case (Tb z 90 K) fo l lows  much the  same t rend  as  the adiabatic compar- 
i son  ( f i g .  9 ) .  The d e n s i t i e s  n e a r  t h e  wall i n  the wake f o r  t h i s  case, and  con- 
sequent ly  t h e  molecular mean free path, have changed by approximately a f a c t o r  
of 10 from the s t a g n a t i o n  r e g i o n  t o  t h e  base. 
IT 
3 
A r e c i r c u l a t i o n  r e g i o n  is formed i n  the rear s t a g n a t i o n  area o f  t h e  c y l i n -  
der. The u component of v e l o c i t y  a t  t h e  mesh p o i n t   c l o s e s t   t o   t h e  body 
changed sign a t  I = 10 ( 8b  = - ii). The r e c i r c u l a t i o n  r e g i o n  is roughly bounded 
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by two s t agna t ion  po in t s  a long  the  a x i s  o f  symmetry i n  t h e  wake,  one a t  the  
body ( x  = 1 ,  y = 0 )  and the other  approximately  one body diameter downstream 
a t  x = 2.2 ,  y = 0. A s tudy   of  the  o n s e t   o f   s e p a r a t i o n  from the  body i n  t h e  
base reg ion  is p resen ted  in  append ix  D. 
Convect ive  hea t - t ransfer  coef f ic ien ts  are compared i n  f i g u r e  10 f o r  a n  
average wall tempera ture  of  90 K and f o r  a l i n e a r l y  v a r y i n g  wall temperature  
which more c lose ly  approximates  t h e  ac tua l  expe r imen ta l  t empera tu re  va r i a t ion .  
These h e a t - t r a n s f e r  c o e f f i c i e n t s  were eva lua ted  as fo l lows:  
As i n d i c a t e d  i n  the  f i g u r e ,  t he  r e s u l t s  are approximately 25 p e r c e n t  g r e a t e r  
t h a n   e x p e r i m e n t a l   r e s u l t s   i n  t he  forebody.   Calculat ions were performed w i t h  
twice t h e  number o f  mesh p o i n t s  i n  t h e  no rma l  d i r ec t ion ,  and w i t h  a s t r e t c h i n g  
parameter   of   0 .5   to   br ing  the mesh po in t s  even  c lose r  t o  t h e  body.  Changes i n  
heat t r a n s f e r  were i n s i g n i f i c a n t  w i t h  t h e  f i n e r  mesh (less than 4 percent  of  
the coa r se r  mesh s o l u t i o n ) .  The r e s u l t s  of  f i g u r e  10 were used   to  compute  con- 
v e c t i v e  h e a t  t r a n s f e r  so t h a t  the  actual h e a t - t r a n s f e r  e r r o r s  c o u l d  be measured 
The convec t ive  hea t - t r ans fe r  r e su l t s  are p r e s e n t e d  i n  f i g u r e s  11 and 12 where 
* * * 
qc ,exp  hc,exp(Taw,exp - Tb,exp)  * 
* * * * 
q c , c a l c  = hc ,ca lc (Taw,ca lc  - T b , c a l c )  
However, comparisons in  the  s t agna t ion  r eg ion  are still  i n  e r r o r  by approx- 
imately 25 percent  and  remain a t  about t h a t  l e v e l  o v e r  most o f  t h e  body. For 
low temperatures  (-100 K) and a t  1 a tmosphere  pressure,  t h e  National  Bureau  of 
Standards tables ( r e f .  38) show t h e  P rand t l  number a t  approximately 0.77 f o r  
a i r .  The convect ive heat t r a n s f e r   f o r  a l i n e a r   t e m p e r a t u r e   v a r i a t i o n  w i t h  
Npr = 0.77 was then computed  and t h e   r e s u l t s   a p p e a r   i n   f i g u r e   1 2 .  Er rors  i n  
t h e  stagnation region have been reduced to approximately 18 percent  b u t  t h e  
overall   comparison is s t i l l  poor.  The v i s c o s i t i e s  computed by Su the r l and ' s  
equat ion  were found t o  be wi th in  5 percent  of  t h e  experimental  data ( r e f .  39) 
a t  the wall temperature  range  80 K < T* < 110 K and t h e  effects of E on the 
en tha lpy  de r iva t ives  were found t o  be small (see appendix E ) ;  t h e r e f o r e ,  these 
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f a c t o r s  c o u l d  n o t  a c c o u n t  f o r  t h e  e r r o r s  o f  18 p e r c e n t  i n  t h e  s t a g n a t i o n  
region.  Consequently,  i t  was decided t h a t  s l i p  c o n d i t i o n s  must be important  
i n  t h i s  Mach number and Reynolds number range. 
A c o n d i t i o n  f o r  t e m p e r a t u r e  s l i p  as a boundary condition was incorpora ted  
i n t o  t h e  program as fo l lows .  The c o n d i t i o n   f o r   t e m p e r a t u r e   s l i p  (ref.  311, 
ve loc i ty  s l i p  be ing  ignored ,  can  be expressed as 
In   equat ion   (341 ,  a t  is t h e  thermal accommodation coe f f i c i en t   and  To 
is the s l i p  temperature .  A va lue   fo r  a t  = 0.9 has been  found t o  be repre-  
s e n t a t i v e  o f  v a l u e s  f o r  t h e r m a l  accommodation c o e f f i c i e n t s  as  p r e s e n t e d  i n  ref-  
erence  31.   Equation (34 )  can be s i m p l i f i e d  by us ing   equat ion  (351, Su the r l and ' s  
law, and the  equa t ion  o f  s ta te  t o  o b t a i n  
For z e r o  v e l o c i t y  s l i p  t he  s t a t i c  en tha lp i e s  i n  equa t ion  (36 )  can  be rep laced  
by t h e  t o t a l  e n t h a l p i e s .  By s u b s t i t u t i n g  the f in i t e -d i f f e rence   fo rmula t ion  f o r  
from equation (C4), t h e  s l i p  value of  wall en tha lpy  may be obtained 
impl i c i t l y  f rom 
Convective heat t r a n s f e r  was c a l c u l a t e d  by use  o f  t h i s  t empera tu re  jump 
cond i t ion  and  good comparisons were observed w i t h  t he  experimental  data i n  f ig- 
u r e s  1 1  and  12. For t h i s  Mach number and  Reynolds number combination, i t  is 
clear t h a t  t h e  p r o p e r  s l i p  b o u n d a r y  c o n d i t i o n s  are n e c e s s a r y  f o r  c a l c u l a t i n g  
h e a t  t r a n s f e r .  
Berezkin,  e t  a l .  ( re f .  40)  app l i ed   ho log raph ic   i n t e r f e romet ry   t o  the  
supersonic  low dens i ty  gas  f low about  a s p h e r i c a l  body a t  a Reynolds number 
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of  approximately  1750. Shadow and i n t e r f e r e n c e  images o f  the  d e n s i t y  f i e l d  
were o b t a i n e d  i n  the shock  layer  of  a s p h e r i c a l  p r o j e c t i l e  a t  Mach 1.93 using 
a Mach-Zehnder i n t e r f e r o m e t e r .  D e n s i t y  d i s t r i b u t i o n s  are presented  a long two 
v e r t i c a l   l i n e s   c o r r e s p o n d i n g   t o  x = -1,  0 < y < ys and x = 0 ,  1 < y < ys. 
Exper imenta l  va lues  for  shock  s tandoff  d i s tance  were not  presented and a l l  t h e  
d i s t r i b u t i o n s  are nondimensionalized by t h e  d i s t a n c e ,  ys - yb. The a n a l y t i c  
value of  shock s tandoff  dis tance has been  computed  from the midpoint of the 
c a p t u r e d  s h o c k .  E x p e r i m e n t a l  a n d  a n a l y t i c a l  r e s u l t s  f o r  the d e n s i t y  v a r i a t i o n  
are presented   in   f igures   13   and   14 .  Agreement is good a c r o s s  most of   the  shock 
l aye r .  D i sc repanc ie s  nea r  t h e  wall occur  because the wall t e m p e r a t u r e  i n  t h e  
experimental  case is not  a t  a s teady  s ta te .  (An a d i a b a t i c  wall was assumed f o r  
the purpose  of  making these c a l c u l a t i o n s . )  By imposing a cons t an t  wall temper- 
a ture   cor responding   to  i b  = I b  = 0.61m, the d e n s i t y  agreed well near  the wall 
a t  x = 0 but  was too  high near  the s t a g n a t i o n   p o i n t  a t  x = -1 .  No f u r t h e r  
a t t empt s  were made to  approximate the  uns teady  na ture  of  the wall temperature .  
The characteristics o f  t he  s o l u t i o n  i n  the  v i c i n i t y  o f  a shock are well 
demonst ra ted   in   f igures  13 and 14 .  The l o c a t i o n s  o f  the mesh po in t s   u sed   t o  
c a l c u l a t e  these d i s t r i b u t i o n s  are marked w i t h  c ros ses .  These s o l u t i o n s  were 
obtained wi th  two d i f f e r e n t  damping c o n s t a n t s ,  E = 0.005 and E = 0.04. The 
results f o r  t h e  smaller va lue   o f  E ( f i g .  1 4 )  show a sha rpe r   shock   p ro f i l e  
w i t h  more of  a densi ty   undershoot  as compared wi th  the  & = 0.04 r e s u l t s .  
Because of t h e  na ture  of  the  coord ina te  sys tem,  t h e  d e n s i t y  p r o f i l e  a l o n g  t h e  
l i n e  x = -1 had t o  be obtained by l i n e a r l y   i n t e r p o l a t i n g  between mesh p o i n t s  
i n  the  T l -d i r ec t ion .  The c r o s s  marks which  appear on the shock i n  f i g u r e  I 3  
r e f e r   t o   i n t e r p o l a t e d  mesh p o i n t s  and c o n s e q u e n t l y   d i s t o r t   t h e   e f f e c t   o f  E i n  
tha t  f i g u r e .  
An a t tempt  has been made t o  v e r i f y  a shock  s t andof f  d i s t ance  ca l cu la t ion  
by comparing it  with the  exper imenta l  data fo r  supe r son ic  f low ove r  a sphere  
w i t h  M, = 4.2,  N R ~ , ,  = 200, Tb* = T:tag = 300 K i n   n i t r o g e n .  An e l e c t r o n  
beam X-ray technique was used to  obtain measurements  of  the dens i ty  a long  t h e  
s t agna t ion   s t r eaml ine   o f  a s p h e r i c a l  model ( r e f .  41 ) .  This  Mach number is on 
the border  of  condi t ions  for  which the  occurrence of a veloci ty  overshoot  can 
cause  the  ca l cu la t ion  o f  a negat ive  s t a t i c  e n t h a l p y .  I n  t h i s  p a r t i c u l a r  c a s e ,  
f o r  a mesh s i z e  o f  51 x 50 and f3 = 0.5,  i t  was determined on the  b a s i s  o f  
experimental  evidence t h a t  there were approximate ly  four  mesh p o i n t s  a c r o s s  the 
shock on the s tagnat ion   l ine .   Consequent ly ,  there were no problems i n   e v a l u a t -  
i n g  s t a t i c  e n t h a l p i e s  ahead of  the shock i n  the s t agna t ion  r eg ion .  However, as 
the shock  s ta r ted  to  form around the  body, i t  en te red  a reg ion  where mesh 
p o i n t s  became sepa ra t ed  by l a r g e r  d i s t a n c e s .  After approximately 350 i t e ra -  
t i o n s ,  a negat ive  s t a t i c  en tha lpy  was c a l c u l a t e d  f o r  t h i s  case a t  a value of 
21T 
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e " -  . A modi f ica t ion  was made i n  the  program l o g i c  which s e t  t he  s t a t i c  
en tha lpy  equal  to  the free-stream s t a t i c  e n t h a l p y  whenever a negat ive  va lue  was 
computed. The d e n s i t y  p r o f i l e  a c r o s s  t h e  s h o c k ,  a f t e r  2000 i t e r a t i o n s  w i t h  
t h i s  modi f ica t ion ,  is presented  in   f igure  15.   Comparisons here show good 
agreement wi th  experimental  data. 
Flow F i e l d s  Over Planetary Probes 
The ana ly t i c  approx ima t ions  which cor respond to  t he  Vik ing  ae roshe l l  and t o  
a Jupi te r  probe  as shown i n  f i g u r e s  2 and 3 and def ined in  table  I were used t o  
compute the flow f i e l d s  o v e r   t y p i c a l   e n t r y   b o d i e s  a t  M, = 2 and NRe,,  = 100. 
There are no experimental  data c u r r e n t l y  a v a i l a b l e  f o r  t h e s e  v e h i c l e s  a t  t h i s  
Mach number and  Reynolds number range. The previous  comparisons  of calculated 
a n d  e x p e r i m e n t a l  d e n s i t y  d i s t r i b u t i o n s ,  h e a t - t r a n s f e r  d i s t r i b u t i o n s ,  a n d  s h o c k  
p r e d i c t i o n s  i n d i c a t e  tha t  the c a l c u l a t e d  f l o w  f i e l d  f o r  the p lane tary  probes  
should be r e p r e s e n t a t i v e  o f  the a c t u a l  f ie lds .  Flow f i e lds  were  computed over 
t he  Vik ing  ae roshe l l  w i t h  a co ld  wall boundary  condition, I b  = 0.61m, and  an 
adiabat ic  wall boundary  condi t ion  using y = 1.285, Npr 0.685, and 
T,* = 222 K .  A flow f i e l d  over  t h e  Jupi te r  probe  was computed wi th  an  adia- 
bat ic  wall cond i t ion  and y = 1.667, NPr = 0.675,  and Tm* = 277 K .  The g r i d  
s i z e   f o r  a l l  t h e  cases was 51 x 50 w i t h  B = 1 and E = 0.04. 
A con tour  p lo t  of dens i ty  over  the Vik ing  aeroshe l l  is shown i n  f i g u r e  16 
f o r  t h e  adiabatic case and i n  f i g u r e  17 f o r  t h e  cold wall case. Con tour   l i nes  
were obtained by using  the  program CONTOUR ( r e f .  42 ) .  CONTOUR prepares  a 
Car tes ian  gr id  sys tem based on in t e rpo la t ed  va lues  from t h e  transformed coordi-  
na te   sys tem.   Contour   l ines  are then  plot ted  based on i n t e r p o l a t i o n  from t h e  
Car tes ian  g r i d .  Consequent ly ,   there  is some d i s t o r t i o n  i n  t h e  dens i ty   con tour s  
due t o  t h e  d o u b l e  i n t e r p o l a t i o n  and  due t o  d i f f e r e n c e s  i n  t h e  concen t r a t ions  o f  
mesh points between the C a r t e s i a n  g r i d  (which g i v e s  a uni form concent ra t ion  of  
mesh poin ts  th rough t h e  f i e l d )  and the transformed coordinate system (which 
concen t r a t e s  mesh p o i n t s  c l o s e  t o  the b o d y ) .  I r r e g u l a r i t i e s  i n  c o n t o u r  l i n e s  
are caused by these d i s t o r t i o n s .  
The bow shock is shown c l e a r l y  i n  b o t h  f i g u r e s  w i t h  t h e  Mach ang le  
approaching 60° as would be expec ted   for  Mw 2 .  Based on an  argument   that  
t h e  nondimensional shock thickness is on the order  of  the Knudsen  number, i t  
appears  t ha t  t he  ca lcu la ted  shock  th ickness  is approximately 10 times the  
a c t u a l  v a l u e .  The shock i n  the s t agna t ion   r eg ion  is smeared ove r   t h ree  mesh 
p o i n t s  which is c o n s i s t e n t  w i t h  r e s u l t s  o b t a i n e d  i n  the experimental  comparison 
sect ion.   Because  of  t h e  computa t iona l   cos t s ,  no a t tempt  was made t o  improve 
shock   reso lu t ion  by inc lud ing  more mesh p o i n t s .  The thermal boundary   l ayer   for  
t h e  cold wall case (no  t empera tu re  s l i p )  is e v i d e n t  i n  t h e  fo rebody  in  f ig -  
ure   17.  There are approx ima te ly   f i ve  mesh poin ts   th rough the thermal boundary 
l a y e r  i n  t h i s  case. The Mach number and  Reynolds number r a n g e  f o r  t h i s  case  
c l o s e l y  c o r r e s p o n d s  t o  t h e  first comparison case i n  which good agreement with 
hea t - t r ans fe r  data was obta ined  by u s i n g  t h e  t e m p e r a t u r e  s l i p  c o n d i t i o n .  So, 
e x c e p t  f o r  t h e  effect  o f  t empera tu re  s l i p ,  t he  the rma l  boundary  l aye r  shou ld  be 
accu ra t e ly  p red ic t ed .  
Veloc i ty  vec tors  over  the Vik ing  ae roshe l l  are p r e s e n t e d  i n  f i g u r e  18 f o r  
the adiabatic case. The r e c i r c u l a t i o n  r e g i o n  is c l e a r l y  v i s i b l e  i n  t h e  wake. 
Here aga in ,  t he  effect  o f  v e l o c i t y  s l i p  on t h e  r e c i r c u l a t i o n  r e g i o n  is s u b j e c t  
t o   f u t u r e   v e r i f i c a t i o n .   P r e s s u r e   c o e f f i c i e n t s   a n d   h e a t - t r a n s f e r   d i s t r i b u t i o n s  
are p r e s e n t e d  i n  f i g u r e s  19 and 20 f o r  t h e  c o l d  wall case. The  method used t o  
i n t e g r a t e  p r e s s u r e  c o e f f i c i e n t s  a n d  s k i n  f r i c t i o n  t o  o b t a i n  drag c o e f f i c i e n t s  
is presented   in   appendix  F. The breakdown o f  t he  drag c o e f f i c i e n t  i n t o  the 
forebody and af terbody pressure drag c o e f f i c i e n t  and the  forebody and afterbody 
s k i n - f r i c t i o n  drag c o e f f i c i e n t  is p r e s e n t e d  i n  table V I  f o r  t h e  adiabatic case. 
S i m i l a r  p r e s e n t a t i o n s  are made fo r  f low f ie lds  ob ta ined ,  an  adiabatic wall 
being  assumed,  around a Jupi te r  probe .  Dens i ty  contours  are p r e s e n t e d  i n  f ig-  
ure   21.  Here aga in ,   t he   ca l cu la t ed   shock   t h i ckness  is probably on the   o rde r   o f  
10 times t h e   t r u e   v a l u e .   V e l o c i t y   v e c t o r s  are p resen ted   i n   f i gu re   22 .  A mag- 
n i f i c a t i o n  o f  t h i s  v e c t o r  f i e l d  with more v e l o c i t y  v e c t o r s  i n c l u d e d  shows a 
d i s t i n c t  v e l o c i t y  g r a d i e n t  n e a r  t h e  body from which a boundary-layer growth can 
be observed ( f i g .  22) .  Such a clear,  boundary-layer  type phenomena w i l l  cer- 
t a i n l y  become less o b v i o u s  w i t h  t h e  i n c l u s i o n  o f  v e l o c i t y  s l i p .  A p re s su re  
c o e f f i c i e n t  d i s t r i b u t i o n  is p r e s e n t e d  i n  f i g u r e  23  and a drag c o e f f i c i e n t  
breakdown is p r e s e n t e d  i n  t a b l e  V I .  
When ca l cu la t ing  the  f low f i e ld  over  the  Jupi te r  probe  w i t h  s t r e t c h i n g  
parameter 6 = 0.5,  it was found  tha t  t he re  were no t  enough p o i n t s  t o  d e f i n e  
t h e  wake flow fa r  from t h e  body. The last  computa t iona l  po in t s  i n  the  wake 
before  the  outflow  boundary were s t i l l  i n  a region  of   subsonic   f low.  The tech-  
nique of mapping the  ou t f low boundary  to  in f in i ty  when these  last  computational 
p o i n t s  were st i l l  i n  a s u b s o n i c  r e g i o n  i n i t i a t e d  l a r g e  o s c i l l a t i o n s  i n  t h e  f l o w  
v a r i a b l e s .  The problem was el iminated w i t h  6 = 1 .  
CONCLUDING REMARKS 
The coordinate  t ransformation procedure and solut ion technique descr ibed 
he re in  has been shown t o  be well s u i t e d  f o r  t h e  c a l c u l a t i o n  o f  t h e  c o m p l e t e  
flow f i e l d  surrounding  various  two-dimensional  and  axisymmetric  bodies.   This 
conclusion is supported by the good comparisons obtained between predic ted  V a l -  
ues  and experimental  data f o r  p r e s s u r e  c o e f f i c i e n t  d i s t r i b u t i o n  and heat-  
t r a n s f e r  d i s t r i b u t i o n  on a cy l inde r  and f o r  d e n s i t y  d i s t r i b u t i o n s  and shock 
s tandoff   d i s tance  on spheres .  The so lu t ions   for   the   f low  over   the   Vik ing   aero-  
s h e l l  and a Jupi te r  probe  were obtained by s imply  ad jus t ing  f ive  t r ans fo rma t ion  
constants   without   having  to   perform  any  adjustment  on boundary  conditions.  The 
v e r s a t i l i t y  o f  the t echn ique  in  be ing  able t o  model many d i f fe ren t  ax isymmetr ic  
b lunt  body shapes and i ts  a b i l i t y  t o  c a l c u l a t e  b o t h  t h e  f o r e b o d y  and wake flow 
over  these  shapes  represent  a s ignif icant  advance in  aerothermodynamic 
technology. 
Improvements t o  the numerical  approach can be  made t o  g r e a t l y  e x t e n d  t h e  
Mach number and  Reynolds number range and to  r educe  the  execut ion time on t h e  
computer. The technique  can be reprogrammed t o  r u n  on the  STAR 100 computer 
w i t h  a p o t e n t i a l  e x e c u t i o n  time reduct ion  of  a f a c t o r  on the  o rde r  o f  3 0 .  The 
numerical   approach  can  a lso be a l tered so t h a t  t h e  s t a b i l i t y  limit on A t  i s  
increased by u s i n g  a n  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  method or p a r t i a l  
i m p l i c i t i z a t i o n .  
An upper limit on Reynolds number on the  order  of  1000 is  imposed  because 
o f  a n  i n a b i l i t y  t o  r e s o l v e  a th in  boundary  layer  wi th  a reasonable  number of  
computational mesh p o i n t s .  A lower limit on Reynolds number on the  o rde r  o f  
100 is imposed so t h a t  continuum  theory is a p p l i c a b l e .  An upper limit on Mach 
number approximate ly  equal  to  4.0 is imposed  because  of a t endency  to  ca l cu la t e  
negat ive  s t a t i c  e n t h a l p i e s  i n  the process  of  captur ing  the  bow shock with a 
reasonable  number o f  mesh p o i n t s  f o r  large Mach numbers. These l i m i t a t i o n s  
are a consequence of the numerical  method used and not of the  coordinate  system 
i tself .  
Langley Research Center 
National Aeronautics and Space Adminis t ra t ion 
Hampton, VA 23665 
October 26, 1977 
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METRIC COEFFICIENTS 
The metric coe f f i c i en t s  o f  an  o r thogona l  cu rv i l i nea r  coord ina te  sys t em are 
o f  the na tu re  of scale f a c t o r s  which g i v e  t h e  r a t i o s  o f  d i f f e r e n t i a l  d i s t a n c e s  
t o  the d i f f e r e n t i a l s  o f  the coordinate   parameters  ( ref .  4 3 ) .  The equat ions  
which are used  to  de f ine  the  metric c o e f f i c i e n t s  c a n  be de r ived  in  the  fo l low-  
i n g  manner. 
Consider the or thogonal  t ransformat ion  as  d e f i n e d  i n  e q u a t i o n s  ( 1 )  f o r  
axisymmetr ic   bodies ,  Let a 8 curve be de f ined   i n   space  as a l i n e  of  con- 
s t a n t  r and @ i n   e q u a t i o n s  ( 1 ) .  If $ is the  p o s i t i o n   v e c t o r   o f  a 
po in t   i n   space ,   t hen  a tangent   vec tor   to  the 8 curve is given by 
where se is arc length   a long  the 8 curve.  The v e c t z r  ar/ase is a u n i t  
vec tor   t angent   to  t h e  8 curve which is redef ined  as  ue ( f ig .  24) .  Equa- 
t i o n  ( A I  ) can now be r e w r i t t e n  as 
-f 
(A2 
dse  
where he = - is  the   l eng th   o f  8. T h e r e f o r e ,   t h e   r e l a t i o n   f o r  he can be  
w r i t t e n  
de 
The f i n a l   e x p r e s s i o n  f o r  h e ,  a long  w i t h  h, and  hQ,  which  can be o b t a i n e d   i n  
a similar manner,  becomes 
N 
+ x nAnenr s i n  ne 
n=2 I J 
(Equat ions cont inued on next page) 
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N 
n=2 
+ x nAnenr s i n  n9 (B cosh r - C s i n h  r )  cos  9 
N 
n=2 
+ x nAnenr COS n9 
2 2 2 
h$2 = (5) + ($) + (5) = [ (B cosh r - C s inh  r)  s i n  9 
N 
n=2 
+ x Anenr s i n  ne 
Note t h a t  he2 =+hr2 i n   e q u a t i o n s  (A4). The metsic c o e f c i c i e n t s  are a l l  
p o s i t i v e  as long as+ u9 is i n   t h e  same d i r e c t i o n  as 9 and  ur is i n  the 
same d i r e c t i o n  as  R i n  a r ight-hand  coordinate   system.  Therefore ,  the  me t r i c  
c o e f f i c i e n t s  may be w r i t t e n  as 
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APPENDIX B 
MODIFIED  BRAILOVSKAYA  SCHEME  IN  TRANSFORMED  COORDINATE  SYSTEM 
The  differencing  procedure  presented  in  reference (15) was  applied  to  the 
governing  equations  in  the  transformed  coordinate  system.  The  subscripts 8 
and r in  this  section  refer  to  derivatives  with  respect to 8 and p, 
respectively.  Derivatives  with  respect  to r are  approximated  by  difference 
formulas  in rl as defined  in  equations (18). The  difference  approximations  to 
the  various  derivatives  and  details  of  the  iteration  procedure  follow: 
I f p )  = (Iy+l,j - Iy-l,jp' 
Ip(In) = (In i, j + l  - 19, j-1)/02 
36 
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D 3  = A02 
TY , j  = [I:,j - 0.5(u? ,J .2 + v!!, j2)](y - 11Mm 2 
The term C2 is a constant  which  depends on t h e  gas and the free-stream 
temperature.  These  constants  can be found i n   r e f e r e n c e  4 4 .  For  example, 
C2 = 100,’Tm* (For  a i r )  
C 2  = 233/Tm* (For  carbon  dioxide) 
c2 = 98/Tm* (For  helium) 
The metric c o e f f i c i e n t s  and t h e i r  d e r i v a t i v e s  are a l l  a n a l y t i c  f u n c t i o n s  of 8 
and r which  can  be  obtained  from  equations ( A 4 ) .  The right-hand s i d e  of each 
conserva t ion  equat ion  is now w r i t t e n  as 
Ai , j (pn ,un ,vn )  = - - 
h 
(Pu)e + ( P V ) ,  + PU 
. .  
” 
APPENDIX B 
+ 
2 2 1  - - 3 P y Yeg 
1 2 1  1 1 1 2 1 
h 3 h  Y h Y  3 
- l J " h r r + - P - h h g - Y ~ - ~ - h r - y r - - P e y y e  
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r 
c 
2 1  1 1  
3 Y  3 h  ) - v2i;; he 7 Ye + - h he0 + uve(- - - ! I  1 1 Y r  + - - h, 
+ ugug - - 1 hguug ) ; [ :  - - u2 - Ye0 + - h 1 he - Y1 ye 
h 
1 2 
h 3 3 
uue - - u2(: ye 
r 
(Equation continued on next  page) 
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1 2 1 1 1 
h 3 h h  
he - hp + - 
1 
' I  
-i, j 
42 
APPENDIX B 
The modi f ied  Brailovskaya scheme can now be  written as 
) Step 1 
jP",U",V",I",i~+! , J  
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BOUNDARY CONDITIONS AND DIFFERENCE FORMS AT THE BOUNDARIES 
Inf low and Outflow Boundary 
A s  d i s c u s s e d  i n  a previous sect ion,  the computat ional  boundary a t  rl = 0 
corresponds t o  a circle o f  i n f i n i t e  r a d i u s  s u r r o u n d i n g  t h e  body.  This  one 
boundary has mass enter ing  f rom the  far f i e l d  a n d  l e a v i n g  t o  t h e  far f i e l d ;  
hence, it is both  an  inf low  and  outf low  boundary.   Values   for   propert ies  on the  
cel l  walls a t  t h i s  boundary are 
P, = 1 
ae 
Va lues   o f   de r iva t ives   w i th   r e spec t   t o  rl a t  mesh p o i n t s  whose ce l l s  l i e  
a long  th is  boundary  ( j  = 1)  are c a l c u l a t e d  as follows: 
1 1 
1 
I n  l i k e  manner, 
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Examples of second  derivative  formulas  are 
an ae 
where 
L 
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Wall Boundary Condit ions 
The computational  boundary a t  ll = 1 d e s c r i b e s  t he  e n t i r e  body i n  the 
(x ,Y> plane.  As a consequence  of   the  no-sl ip   condi t ion U b  = 0 on t h e  c e l l  
walls tha t  are bounded by ll = 1 .  S ince  there can be no mass f lux   th rough the  
body, V b  = 0 on the cel l  walls t h a t  are bounded by ~l = 1 .  Values   for   pres-  
s u r e  on t h e  wall are ex t r apo la t ed  from i n t e r i o r  p o i n t s .  T h u s ,  
When the en tha lpy  o r  tempera ture  of  the  wall is s p e c i f i e d ,  t h e  d e n s i t y  a t  the 
wall can be c a l c u l a t e d  d i r e c t l y  f r o m  the equa t ion  o f  s ta te .  For t h e  case of  an 
adiabatic wall, the  en tha lpy  a t  the  side of  t h e  c e l l  is c a l c u l a t e d  f r o m  i n t e r i o r  
p o i n t s  a t  the  previous  time s t e p  us ing  a backward d i f f e rence  fo rmula  fo r  - 
which must e q u a l  z e r o  f o r  t h e  adiabatic case. Thus, f o r  a n  adiabatic wall, 
:I b 9  
Mass, momentum, and  en tha lpy  f lux  across  the  c e l l  walls o p p o s i t e  t o  the 
1 
wall boundary,  corresponding  to NJ - -, are c a l c u l a t e d  d i f f e r e n t l y  t h a n  t h o s e  
2 
f o r  o t h e r  i n t e r i o r  ce l l  i n t e r f a c e s .  It was observed   in   re fe rence  15 t h a t  very 
low,  and ,  in  some cases, n e g a t i v e  d e n s i t i e s  would o c c u r  i n  c e l l s  near  the wall 
above the  sepa ra t ion  po in t  on the base f o r  small mesh s i z e s  and  low  Reynolds 
numbers.  Allen  and Cheng traced t h i s  b e h a v i o r  t o  the way mass, momentum, and 
energy  f lux were ca l cu la t ed   a long  t h e  NJ - - l i n e  of c e l l  edges. They noted 
t h a t  V b  0 and t h a t  as a consequence of  t h e  cont inui ty   equat ion   and   the  no- 
s l i p   c o n d i t i o n ,  Elb = 0 i n  the s teady  s ta te .  This  cond i t ion  implies t h a t  
the v a r i a t i o n   o f  v as a func t ion   of  rl near  t h e  wall should  be  quadrat ic .  
1 
However, by de f in ing  the  ve loc i ty  and f luxes  through the c e l l  wall a t  NJ - - 
2 
as  t h e  average  of   values  a t  NJ and NJ - 1, a l i n e a r   v a r i a t i o n   o f   v e l o c i t y  
i n  t h a t  area is impl i ed .  It would be more accu ra t e  to  de t e rmine  the  va lue  o f  
1 
v e l o c i t i e s  and f l u x e s  a t  NJ - - 
2 
on t h e  basis o f  a quadra t i c  va r i a t ion  nea r  
t h e  wall by p u t t i n g  a second-degree polynomial through the  t h r e e  p o i n t s  a t  t h e  
two c e l l  c e n t e r s  and a t  t h e  wall. Consequently, 
1 
2 
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VNJ-1 + 3VNJ 
v I =  
NJ-- 3 
2 
Values f o r  the  derivatives of u, v, and I with  respect  to rl at  the 
wall  are  obtained  from a backward  difference  formula  using  interior  points. 
Therefore, 
Some  examples  of  the  difference  approximations  to  derivatives  with  respect 
to Q in  cells  positioned  next  to  the  wall  (at j = NJ)  are  presented: 
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li,NJ 1 i, NJ-- 
2 
1 
i, NJ+- 
2 azv 
ATI all 
I av - ”- 
all2 
- 
1 
i,NJ i, NJ-- 2 
1  1 
i, NJ+- 
1 a U  
-” ” 
1 
2 2 
i,NJ i, NJ--  i--,  NJ-- 
(Equation  continued  on  next  page) 
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1 + u  1 u  i+l , NJ-- 2 i, NJ-- 2 i, NJ-- 2 + ui-l  ,NJ-v] 
- -~ - - 
2 2 
1 
- - + Ui+l,NJ Ui-l,NJ-l - - 
2 An A0 2  2
1 
= "--kli,b 3 An2 - I2Ii,NJ + 41i,NJ-1) 
Because  of  the  redefinition  of  flux  terms  through  the  cell  walls  at 
1 
2 
NJ - -, the  derivatives  with  respect  to n at  cell  centers  along  the  line 
NJ - 1 are  defined as follows: 
(Equation  continued  on  next  page) 
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=-{ 2 1 Pi,NJ + Pi,NJ-1 Arl 
Other rl derivatives  are defined similarly  at J = NJ - 1. 
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OBSERVATIONS OF SEPARATION I N  WAKE 
The p r e s e n c e  o f  a n  i n f l e c t i o n  p o i n t  i n  t h e  p r e s s u r e  d i s t r i b u t i o n  c u r v e s  
can usual ly  be used to  determine the  l o c a t i o n  o f  the  boundary-layer  separat ion 
from a cy l inde r   su r f ace  ( r e f .  4 5 ) .  Values   for  - - ~ a2p ( 'Pi+l - 2Pi  + Pi-1 
a02 A0 'b 
were c a l c u l a t e d  i n  the v i c i n i t y  o f  t h e  s e p a r a t i o n  p o i n t  o f  s p h e r e s ,  c y l i n d e r s ,  
and the planetary probe shapes presented herein with co ld  wall and  ad iaba t i c  
wall s p e c i f i c a t i o n s .  I n  a l l  cases it was found that  separa t ion   occur red   wi th in  
- +A0 of  the l o c a t i o n  where  a2p/a@  changed  sign. It should be noted tha t  
t h i s   d e r i v a t i v e  is no t   equ iva len t   o   a2p /a s2  where s is the arc l eng th .  
S ince  d s  h d e ,  it can be shown t h a t  
ah 
where - = 0 f o r  a sphere or cy l inde r   bu t  is nonzero   for   any   o ther  body ae 
shape.  
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EFFECT  OF E ON ENTHALPY DERIVATIVE 
Because  the  convec t ive  hea t  t ransfer  is so s e n s i t i v e  t o  t h e  e n t h a l p y  
d e r i v a t i v e  a t  t h e  wall, it was dec ided   to   examine   the  effect  o f  E on t h i s  
de r iva t ive .   Three   f l ow  f i e ld   so lu t ions  were ob ta ined   fo r   t he  first exper i -  
mental  comparison case (M, 1.90, NRe ,Q) - 105, Npr = 0.7, y = 1.4 ,  
Tb* = 90 K). The first s o l u t i o n  was obtained  with E = 0.04, 6 = 1 ,  and a 
mesh s i z e  of 51 x 50;   the   second  so lu t ion ,   wi th  E = 0.001, 6 = 1 ,  and a mesh 
s i z e   o f  51 x 50 ;   and   t he   t h i rd   so lu t ion ,   w i th  E = 0.001, f3 = 0.5 ,  and a mesh 
s i z e  of 51 x 100. R e s u l t s   o f   t h i s   i n v e s t i g a t i o n  are p r e s e n t e d   i n  table  V.  It 
can  be  seen  tha t  there  is only an average of 2-percent difference between the 
E = 0.04 s o l u t i o n  and the 6 = 0.001 s o l u t i o n   f o r   t h e  mesh s i z e   o f  51 x 50. 
Most o f  t h i s  e r r o r  is due t o  d i f f e r e n c e s  i n  the  d e r i v a t i v e s  on t h e  rear s tagna-  
t i o n  l i n e .  However, the   magni tude   o f   these   d i f fe rences  is small i n  t h e  b a s e  
and w i l l  no t   app rec i ab ly   change   hea t - t r ans fe r   l eve l s  there.  The f i n e r  mesh 
s i ze  causes  an  ave rage  o f  4 -pe rcen t  i nc rease  in  the  en tha lpy  de r iva t ives .  
These  de r iva t ives  a re  thus  seen  to  be more s e n s i t i v e  t o  mesh s i z e  n e a r  t h e  wall 
than to  the smoothing parameter .  
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DRAG COEFFICIENTS 
The drag coef f ic ien t  a round an axisymmetric body in  the  t ransformed coor-  
d ina te  sys tem can  be expressed as 
where the   ang le  $ is d e f i n e d   i n   f i g u r e  6 and s i n  $ and cos $ are def ined  
in   equa t ions   (30 ) .   A l so ,  
S* ITRN*~Y,,, 2 
he 
rl 
Note t h a t  dn* = -RN* - dn.  
Combining equat ions  ( F I )  t o  ( F 4 )  y i e l d s  
By s u b s t i t u t i n g  the va lues   o f  h and Y from  equations (A4) t o  (A61 and 
t h e   v a l u e   o f   s i n  $ and cos $ f rom  equat ions (30) and  not ing t ha t  r = 0 for 
t h e  body,  one ob ta ins  
53 
APPENDIX F 
N 
n=2 
+ x An s i n  
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TABLE  I.-  PARAMETERS  DEFINING  PROBE  SHAPES 
Parameter 
RN 
RB 
L1 
Ymax 
L 
B 
C 
A2 
A3 
A4 
Viking 
aeroshell 
1 
2.5 
1 .5454545 
.588940466 
1.590909091 
1 .514647678 
.7  16078733 -. 059786238 
-.056648540 
.042817883 
.~ ~ 
Jupiter 
probe 
1 
3.227272727 
3.227272727 
1.378281288 
2.163636364 
2.078979297 
1.548980197 
-.042862760 
.062550354 
-.064656167 
~~~ 
TABLE 11.- VISCOUS  STABILITY  LIMIT  CALCULATIONS 
Atviscid 
5.575 X 10-3 
5.530 
.604 
.494 
.462 
.506 
1.205 
35.703 
" . .. " 
Atviscid 
1.973 
1.989 
18.212 
22.267 
23.809 
21.739 
9.129 
.308 
." "~ 
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m 
0 
TABLE 111.- VARIATION OF ENTHALPY DERIVATIVE WITH INCREASING  ITERATIONS 
[(51 x 1001, E = 0.0011 
a i l a n ,  
6000 i t e r a t i o n s ,  
e 8.45 x 10-5 
/li , 21 
26 
31 
36 
41 
46 
51 
54 
72 
90 
108 
126 
144 
162 
180 
-0.653 
- .580 
-. 773 
-1 ..160 
-2.027 
-3.533 
-5.640 
-8.293 
-10.993 
-1 2.987 
-13.687 
a i l a n ,  
5000 i t e r a t i o n s ,  
e = 1.61 x 10-4 
-0.660 
- .587 
-.773 
-1.160 
-2.033 
-3.533 
-5.640 
-8.293 
-10.993 
-1 2.980 
-1 3.747 
a i /  an,  a i l a n ,  
-0.707 -0. goo - .587 - .580 - -707 
-. 780 "787 -.747 
-1.167 -1.173 -1 . I33 
-2.033 -1 .987 -1 .953 
-3.480 -3.493 -3.407 
-5.647 -5.600 -5.513 
-8.300 -8.307 -8.207 
-10.993 -10.987 -1 1 .ooo 
-13.033 -1 3.080 -13.073 
-13.733 -1 3.780 -1 3.827 
a i /  an,  
1000 i t e r a t i o n s ,  
e = 4.42 x 10-3 
-1 .540 
-1.307 
-.813 - .760 
-1 .467 
-2.780 
-4.853 
-7.547 
-10.367 
-12.527 
-13.273 
I 
! 
T A B L E   1 V . -   E F F E C T S   O F  B ON D I S T A N C E  d O F  MESH P O I N T  
FROM O R I G I N   O F   S P H E R E  OF RADIUS  EQUAL TO ONE 
" 
L 
2. 
-3 " . 
$ = 1.00 B = 0.75 $ = 0.50 
d d d 
$ = 0.25 
d 
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TABLE V.- EFFECT OF 6 AND MESH SIZE ON ENTHALPY DERIVATIVE 
Index  i 
1 
6 
11 
16 
21 
26 
31 
36 
41 
46 
51 
0 "_ - 
E = 0.04 
(51 x 50: 
% I b  
p__ " 
-0.598 -. 544 
- .774 
-1.139 
-1 .954 
-3.324 
-5.301 
-7.809 
-10.434 
-12.453 
-13.213 
- ~ 
0 
. "  - 
E = 0.00' 
(51 x 50 a i l  
Ib 
-0.688 -. 566 
- -783 
-1.134 
-1 .936 
-3.283 
-5.259 
-7.799 
-10.444 
-12.499 
-13.216 
0 
. . " 
E = 0.001 
(51 x 100: 
E!) 
" -. ~.  
-0.653 
-. 580 
- .773 
-1.160 
-2.027 
-3.533 
-5.640 
-8.293 
-10.993 
-12.987 
-13.687 
~ .. 
. .  
P e r c e n t  d i f f e r e n c e s  
a" 
0 
~ 
1 O( 
- 
-8.42 
-6.21 
.13 
-1 .81 
-3.60 
-5 -92 
-6.01 
-5.84 
-5 -09 
-4.11 
-3.46 
. .  
. . . ~  "" 
A v e r a g e ,   p e r c e n t  . . . . . . . . . . . 4.60 
- ". "" . ~ 
TABLE V I . -  DRAG COEFFICIENTS 
" .. ~- "" 
Pressure 
coe f f i c i en t  
Forward A f t  
, . " 
____^ Jupiter  probe "i" 
1.051 0.1975 
Viking a d i a b a t i c  w a i l 1  1.296 ] 0.2610 
___- 
- - . .. 
Skin-fr ic t ion 
drag 
coef f ic ien t  
Forward I A f t  " ~. ". 
0.1685 
0.1121 
0.06267 
0.03650 
0 
. - " . 
5.36 
1.29 
-2.41 
-2.24 
-4.49 
-7.08 
-6.76 
-5.96 
-4.99 
-3.76 
-3.44 
4.34 
- .. 
-1 3. 08 
-3 89 
-1.15 
.44 
.93 
1.25 
.80 
. I 3  
- . l o  
-.37 
-.02 
Total   pressure  Total   skin- 
coef f ic ien t   coef f ic ien t  
drag  f r ic t ion drag 
" ~ 
0.2285 
1.557 
" 
2.015 
. . -  
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e 
Y 
10 7- 
e =  
L 
-10 -8 a -4 -2 0 2 4 6 
Figure 1.- Generalized  natural  coordinate  system. 
8 10 
Y 
7 -  
6 -  
5 -  
4 -  
"" True body shape 
1 X  
-4  -3 - 2  - I  1 2 3 4 
Figure 2.- Analytic  approximation to Viking  aeroshell  with 
associated  coordinate  lines. 
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Analytic  approxi  mation 
"""_ Planetary probe vehicle 
(Candidate configuration for 
Jupiter probe,  ref. 20 1 
Figure  3.- Ana ly t i c  approx ima t ion  to  Jup i t e r  p robe .  
F igure  4.-  Basic geometric parameters of p lane tary  probe .  
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Figure 5.- Convergence  test  results for various  mesh  sizes. 
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Y 
Direction of increasing 0 ,  
(counterclockwise) 
positive u 
Line of constant  r 
Direction of 
increasing r y  
positive v 
(toward  body) 
X 
L - 
v, ,v 
Figure 6.- Orientation  of  velocity  vectors  in  transformed  coordinate  system. 
Cell  boundaries 
Cel l  center  (mesh point )  
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n = 1  
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- i c + + t + + t + t t + +  - j = NJ-1 
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t c  
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L L C +  
sym  met ry 
l i n e  t 
I- 
-1 
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- t -  I 
I r l = o  2” 
i = l  2 3 
-A 
Far field NI-2 NI-1 N I  0 i =  14 2 4  
I 
. NI.-4 
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Figure 7.- Details of the ( 0 , n )  computational  plane. 
Mm = 1.90 
NRe,m = 105 
Npr = . 7  
y = 1.4 
p = 1  
51 x 50 
E = 0.001 
TZ = 174 K 
Experiment  (ref. 37) 
Calculation 
1 1 I 1 1 1 1 I "~ 1 
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' - e 180 
77 
Figure 8.- Pressure  coefficient  distribution on cylinder  with  adiabatic  wall. 
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cP 
.- 2 
-. 2 
TZ = 174 K 
p = 1  
5 1  X 50 
E = 0.001 
Experiment (ref. 
Calculation 
t 
- 1.0 ] I” L”l
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Figure 9.- Pressure  coefficient  distribution  on  cylinder  with  cold wall. 
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Figure 10.- Convective  heat-transfer  coefficient  distribution  on  cylinder. 
M, = 1.90 
NRe, 00 = 105 
TZ = 174 K 
0 Experiment  (ref. 37) 
Calculation Npr = 0.7 
W 
m (with temperature  slip) SE, z 
”- Calculation Npr = 0.77 
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Figure 11.- Convective  heat-transfer  distribution  on  cylinder  with  constant  wall  temperature. 
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F i g u r e  12.- C o n v e c t i v e  h e a t - t r a n s f e r  d i s t r i b u t i o n  o n  c y l i n d e r  w i t h  
l i n e a r  wall t e m p e r a t u r e  v a r i a t i o n .  
P 
Y - Yb 
ys - yb 
Figure 13.- Density  distribution across shock layer of sphere at x = -1. 
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2.4 - 
2.0 
1.6 
I 
p 1.2’ 
.8 
d 0 Experiment  (ref. 40) 
1 Calculation E = 0-04 
.4’ ”” Calculation E = 0.005 
5 1  X 50 + Mesh  point  location 
0 ,2 .4 .6 .8 1.0  1.2 1.4 1.6 1.8  2.0 
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Figure 14.- Density  distribution  across shock layer of sphere at x = 0. 
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P 3  
2 
1 
0 
0 Experiment (ref. 41) 
NRe, 00 = 200 
Npr = 0.7 
y = 1.4 
TZ = 66 K 
Tb Tstag 
p = 0 .5  
E = 0.0416 b 
51 X 50 d 
1 .8 .6  .4 .2 0 
-1 - x 
Figure 1 5 . -  Dens i ty  d is t r ibu t ion  across  shock  layer  
on s tagnat ion  l ine  wi th  check  for  shock  s tandoff  
d i s t ance .  
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Figure 16.- Density  contours  over Viking aeroshell,  adiabatic wall. 
Figure 17.- Density  contours over Viking  aeroshell T, = 0 . 6 ~ ~ ~ ~ ~ .  
Figure 18.- Velocity vectors over Viking aeroshell .  
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Figure 19.- Pressure  coefficient  distribution  over  Viking  aeroshell  (cold  wall). 
. 
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Figure 20.- Convective heat-transfer distribution over Viking aeroshell  
with Tw = 0.  6Tstag. 
Figure 21.- Dens i ty  contours  over  candida te  conf igura t ion  for  Jupi te r  probe .  
W 
co 
(b) Boundary-layer formation over probe. 
Figure 22.- Concluded. 
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Figure 23.- Pressure  coefficient  distribution  over  candidate  configuration for Zupiter probe. 
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Figure 24.- Schematic  of  vectors  which  determine  metric  coefficients. 
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been  obtained  with  experimental  data  for  pressure  distributions,  density  distri- 
butions, and heat  transfer  over  spheres and cylinders  in  supersonic flow. Approx- 
imations  to  the  Viking  aeroshell  and  to  a  candidate  Jupiter  probe  are  presented 
and  flow  fields  over  these  shapes  are  calculated. 
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